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Preface

This habilitation thesis collects and summarizes original results by the au-
thor in the subgroup lattice theory. The thesis is organized as follows. In
Chapter 1 a brief introduction to this research area is made. Chapter 2 is
divided in four sections, entitled ”Basic properties and structure of subgroup
lattices”, ”Computational and probabilistic aspects of subgroup lattices”,
”Other posets associated to finite groups” and ”Generalizations of subgroup
lattices”, and contains (partial) reproductions of the publications collected in
this thesis. In the last chapter some further research directions are indicated.
The thesis ends with an extended bibliography which consists of 143 titles.

I would like to express the best feelings of gratitude to all my co-authors
and colleagues, who have made research on this topic highly interesting and
fruitful.

Iaşi, October 2014 M. Tărnăuceanu
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Notations

N,Z,Q,R,C set of natural numbers, integers

Q,R,C field of rational numbers, real numbers, complex numbers

Fpn , GF (pn) field with pn elements

X ⊆ Y, X ⊂ Y X is a subset, a proper subset of the set Y

X ∩ Y, X ∪ Y intersection, union of the sets X and Y

X \ Y set of all elements of X which are not contained in Y

|X| cardinality of the set X

a | b, a - b a divides b, a does not divide b (a, b ∈ Z)

(a, b), gcd(a, b) greatest common divisor of a and b (a, b ∈ Z)

[a, b], lcm(a, b) least common multiple of a and b (a, b ∈ Z)

π(n) set of all prime divisors of n

ϕ Euler’s totient function

µ Möbius’s function

p′, π′ P \ {p}, P \ π (where P is the set of all primes)

f | X restriction of the function f to the set X

f(x), xf value of the function f in x

X1 ×X2,×
i∈I

Xi cartesian product of the sets X1 and X2, respectively Xi, i∈I

X ∼= Y X is isomorphic to Y

Lattice theory notations

≤ partial order in a poset
∧,∨ meet, join of a lattice
∧S,∨S greatest lower bound, least upper bound of the subset S
0, 1 least, greatest element of a lattice
[y/x] interval of all elements l of a lattice satisfying x ≤ l ≤ y
M5 diamond lattice
N5 pentagon lattice
Ln lattice of all divisors of n
τ(n) number of all elements of Ln
σ(n) sum of all elements of Ln
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Group theory notations

xy y−1xy

[x, y] x−1y−1xy

〈x〉 cyclic subgroup generated by x

o(x), oH(x) order, relative order with respect to H of x

1, {1} identity, trivial subgroup of a group

H ≤ G,H < G H is a subgroup, a proper subgroup of the group G

H EG H is a normal subgroup of the group G

|G : H| index of the subgroup H in the group G

〈Xi | i ∈ I〉 subgroup generated by subsets Xi, i ∈ I, of a group

H1 ∨H2,
∨
i∈I

Hi subgroup generated by subgroups H1 and H2,

respectively Hi, i ∈ I, of a group

HX 〈Hx | x ∈ X〉 for subsets H and X of a group

HG,CoreG(H) normal closure, core of the subgroup H in the group G

CG(H), NG(H) centralizer, normalizer of H in the group G

〈X | R〉 group presented by generators X and relations R

G1 ×G2,×
i∈I

Gi (external) direct product of the groups G1 and G2,

respectively Gi, i ∈ I

H1 ×H2,
∏
i∈I

Hi (internal) direct product of the subgroups H1 and H2,

respectively Hi, i ∈ I, of a group

H1 ⊕H2,
⊕
i∈I

Hi (internal) direct sum of the subgroups H1 and H2,

respectively Hi, i ∈ I, of a group

Ker(f), Im(f) kernel, image of the homomorphism f

End(G) set of all endomorphisms of the group G

Aut(G), Inn(G) automorphism group, inner automorphism group
of the group G

Gn 〈xn | x ∈ G〉 (where G is a group)

Ω(G), Ωn(G) 〈x ∈ G | xp = 1〉, 〈x ∈ G | xpn = 1〉 if G is a p-group

fn(G) Gpn if G is a p-group
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Z(G) center of the group G

[X, Y ] 〈[x, y] | x ∈ X, y ∈ Y 〉 for two subsets X and Y
of the group G

D(G), G′, [G,G] commutator subgroup of the group G

Zn(G), Zn(G), G(n) terms of ascending central series, descending
central series, derived series of the group G

Z∞(G) hypercenter of the group G

F (G) Fitting subgroup of the group G

Φ(G) Frattini subgroup of the group G

Soc(G) socle of the group G

GX , GX X–radical, X–residual of the group G
(where X is a class of groups)

Op(G), Oπ(G) maximal normal p-subgroup, π-subgroup
of the group G

Op(G), Oπ(G) minimal normal subgroup of the group G with
factor group a p-group, a π-group

Gp p-component of the nilpotent torsion group G

d(G) commutativity degree of the group G

exp(G) exponent of the group G

π(G) set of all primes dividing element orders
of the group G

πe(G) set of all element orders of the group G

Sn, An symmetric and alternating groups of degree n

Zn, Cn cyclic group of order n

Cp∞ Prüfer group, quasicyclic group

D2n dihedral group of order 2n

D2∞ locally dihedral 2-group

S2n quasi-dihedral group of order 2n

Q2n generalized quaternion group of order 2n

GL(V ), GL(n, F ), GL(n, q) general linear group

SL(V ), SL(n, F ), SL(n, q) special linear group

PGL(n, q), PSL(n, q) projective general and special linear groups



viii

Subgroup lattice theory notations

L(G) lattice of subgroups of the group G

N(G) lattice of normal subgroups of the group G

C(G), L1(G) poset of cyclic subgroups of the group G

C(G) poset of conjugacy classes of subgroups
of the group G

sd(G) subgroup commutativity degree
of the group G

sd(H,G) relative subgroup commutativity degree
of the subgroup H of G

F2(G) factorization number of the group G

ndeg(G) normality degree of the group G

cdeg(G) cyclicity degree of the group G

Char(G) lattice of characteristic subgroups
of the group G

Sol(G) lattice of solitary subgroups of the group G

QSol(G) lattice of solitary quotients of the group G

Iso(G) poset of classes of isomorphic subgroups
of the group G

L(k;d1,d2,...,dk) fundamental group lattice of degree k

FL(G) lattice of fuzzy subgroups of the group G

FN(G) lattice of fuzzy normal subgroups
of the group G



Chapter 1

Introduction

In English:

It is an interesting question in group theory in how far the structure of the
subgroup lattice of a group determines the structure of the group itself. This
question in its pure form is quite old [72, 4], and M. Suzuki spent his early
research years on this problem [84, 85]. Since then, many characterizations
and classifications have been obtained for groups for which the subgroup
lattice has certain lattice-theoretic properties, as distributivity (D-groups),
modularity (M -groups), complementation (K-groups, C-groups, SC-groups,
KM -groups), relative complementation (RK-groups), lower semimodulari-
ty (LM -groups) or upper semimodularity (UM -groups). We also recall the
classes of B-groups (i.e. groups whose subgroup lattices are boolean al-
gebras), J-groups (i.e. groups whose subgroup lattices satisfy the Jordan-
Dedekind chain condition), L-decomposable groups (i.e. groups whose sub-
group lattices are decomposable into a direct product of two or more lattices
none of which is a one-element lattice) and P -groups (i.e. groups with the
same subgroup lattice as elementary abelian p-groups). The possibly most
famous result in this direction is due to Ore [68].

Theorem. A group is locally cyclic if and only if its subgroup lattice is
distributive. In particular, a finite group is cyclic if and only if its subgroup
lattice is distributive.

Other partially ordered subsets of subgroups of groups, as normal sub-
group lattices, posets of cyclic subgroups, posets of subnormal and ascen-
dant subgroups, posets of permutable and subpermutable subgroups, posets
of conjugacy classes of subgroups, ... and so on have been studied, too.

1



2 marius tărnăuceanu

Their properties also lead to interesting classes of groups, as DLN -groups,
nC-groups, nD-groups, nS-groups and ZM -groups.

A second important direction of research in subgroup lattice theory is
concerned with projectivities (also called L-isomorphisms) of groups, that is
isomorphisms between subgroup lattices. The main problems investigated
are the following:

- Given a class X of groups, which is the lattice-theoretic closure X of
X ? (here X is the class of all groups whose subgroup lattices are
isomorphic with the subgroup lattices of some groups in X ).

- Which classes of groups X satisfy X = X , that is, they are invariant
under projectivities ?

- Which groups G are determined by their subgroup lattices, that is,
every projectivity of G is induced by a group isomorphism ? (it is clear
that every isomorphism between two groups induces a projectivity in
a natural way, but a projectivity is not necessarily induced by a group
isomorphism).

We refer to Suzuki’s book [87], Schmidt’s book [75] or the more recent
book [91] by the author for more information about this theory.

Let G be a group. In the following we will denote by L(G) the subgroup
lattice of G. Recall that L(G) is a complete bounded lattice with respect to
set inclusion, having initial element the trivial subgroup 1 and final element
G, and its binary operations ∧,∨ are defined by

H ∧K = H ∩K, H ∨K = 〈H ∪K〉, for all H,K ∈ L(G).

The most important subsets of L(G) are the normal subgroup lattice N(G) of
G (notice that this is a modular sublattice of L(G), as shows Theorem 2.1.4
of [75]) and the poset of cyclic subgroups of G, usually denoted by C(G) or
by L1(G). These will be present in all sections of our work.

Other interesting posets associated to a finite group G (not necessarily
consisting of subgroups of G and not necessarily ordered by set inclusion)
can be connected with L(G), N(G) and C(G). We recall here only the poset
πe(G) of element orders of G, the poset of (normal, cyclic) subgroup orders
of G and the poset of classes of isomorphic subgroups of G, which will be
investigated in Section 2.3.
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Some natural generalizations of L(G), N(G) and C(G) are obtained by
replacing the notion of subgroup of G with the notion of fuzzy subgroup of G
and the set inclusion with the fuzzy set inclusion, namely the fuzzy subgroup
lattice FL(G), the fuzzy normal subgroup lattice FN(G) and the poset of
fuzzy cyclic subgroups FC(G). Their study is the main goal of Section 2.4.
The problem of classifying the fuzzy (normal) subgroups of G is also treated
in this section. It is reduced to a computational problem on L(G) orN(G), by
considering certain equivalence relations on FL(G) or FN(G), respectively.

All results by the author presented in Chapter 2 are either published,
accepted for publication, or submitted, as can be seen in Bibliography. The
study started in these papers will surely be extended in some further research.
This is the reason for which our work ends with a list of open problems
corresponding to each section in Chapter 2.

Finally, we hope that the audience of this thesis will include graduate and
postgraduate students who want to be introduced to an important field of
group theory and researchers interested in. It is assumed that the reader is fa-
miliar with the basic concepts and results both of group theory and of lattice
theory. For these, we refer to the standard monographs by M. Aschbacher
[3], B. Huppert [44], I.M. Isaacs [45], M. Suzuki [88] and G. Birkhoff [14], G.
Grätzer [35], respectively.
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In Romanian:

O problemă interesantă ı̂n teoria grupurilor este constituită de studiul
legăturii dintre structura laticei subgrupurilor unui grup şi structura grupu-
lui ı̂nsuşi. Acestă problemă ı̂n forma ei pură este destul veche (a se vedea
articolele lui A. Rottlaender [72] sau R. Baer [4]). Îl amintim aici şi pe
M. Suzuki, care şi-a petrecut primii ani din carieră studiind-o [84, 85]. De
atunci au fost obţinute mai multe caracterizări şi clasificări ale grupurilor
pentru care laticea subgrupurilor satisface o anumită proprietate, precum dis-
tributivitatea (D-grupuri), modularitatea (M -grupuri), complementaritatea
(K-grupuri, C-grupuri, SC-grupuri, KM -grupuri), relativa complementa-
ritate (RK-grupuri), semimodularitatea inferioară (LM -grupuri) sau semi-
modularitatea superioară (UM -grupuri). Menţionăm, de asemenea, clasele
B-grupurilor (adică grupurile pentru care laticea subgrupurilor este algebră
Boole), J-grupurilor (adică grupurile pentru care laticea subgrupurilor sat-
isface condiţia Jordan-Dedekind), a grupurilor L-decompozabile (adică gru-
purile pentru care laticea subgrupurilor se descompune ı̂ntr-un produs direct
de două sau mai multe latice netriviale) şi a P -grupurilor (adică grupurile
având aceeaşi latice de subgrupuri cu p-grupurile abeliene elementare). Pro-
babil cel mai faimos rezultat obţinut este următoarea teoremă, datorată lui
O. Ore [68].

Teoremă. Un grup este local ciclic dacă şi numai dacă laticea subgrupurilor
sale este distributivă. În particular, un grup finit este ciclic dacă şi numai
dacă laticea subgrupurilor sale este distributivă.

De asemenea, au fost studiate şi alte submulţimi parţial ordonate de
subgrupuri ale grupurilor, precum latice de subgrupuri normale, mulţimi or-
donate de subgrupuri ciclice, subnormale, ascendente, permutabile, subper-
mutabile, ... etc. sau mulţimi ordonate de clase de conjugare de subgrupuri.
La fel, proprietăţile lor determină clase interesante de grupuri, precum DLN -
grupurile, nC-grupurile, nD-grupurile, nS-grupurile sau ZM -grupurile.

O a doua direcţie importantă de cercetare ı̂n teoria laticelor de subgrupuri
este constituită de studiul proiectivităţilor sau al L-izomorfismelor grupurilor,
adică al izomorfismelor dintre laticele de subgrupuri. Principalele probleme
ce au fost studiate sunt următoarele:

- Dată o clasă de grupuri X , care este ı̂nchiderea X a acesteia ? (aici X
desemnează clasa tuturor grupurilor ale căror latice de subgrupuri sunt
izomorfe cu laticele subgrupurilor unor anumite grupuri din X ).
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- Care clase de grupuri X satisfac condiţia X = X , adică sunt invariante
la proiectivităţi ?

- Ce grupuri G sunt determinate de laticele lor de subgrupuri, adică orice
proiectivitate a lui G este indusă de un izomorfism grupal ? (evident,
orice izomorfism grupal induce o proiectivitate ı̂ntr-un mod natural,
dar o proiectivitate nu este neaparat indusă de către un izomorfism
grupal).

Facem trimitere la monografiile lui M. Suzuki [87], R. Schmidt [75] sau
la recenta monografie a autorului [91] pentru mai multe informaţii despre
această teorie.

Fie G un grup. În cele ce urmează vom nota cu L(G) laticea subgrupurilor
lui G. Reamintim că L(G) este o latice completă, ı̂n care elementul iniţial
este subgrupul trivial 1 şi elementul final este G, iar operaţiile sale binare
∧,∨ sunt definite prin

H ∧K = H ∩K, H ∨K = 〈H ∪K〉, pentru orice H,K ∈ L(G).

Cele mai importante submulţimi ale lui L(G) sunt laticea N(G) a sub-
grupurilor normale ale lui G (notăm că aceasta este o sublatice modulară ı̂n
L(G), conform Teoremei 2.1.4 din [75]) şi mulţimea ordonată a subgrupurilor
ciclice ale lui G, de obicei notată cu C(G) sau cu L1(G). Acestea vor fi
prezente ı̂n toate secţiunile lucrării noastre.

Şi alte mulţimi ordonate asociate unui grup finit G (nu neaparat consti-
tuite din subgrupuri ale lui G şi nu neaparat ordonate prin incluziune) se
pot conecta cu L(G), N(G) şi C(G). Amintim aici doar mulţimea ordonată
πe(G) a ordinelor elementelor lui G, mulţimile ordonate ale ordinelor sub-
grupurilor (subgrupurilor normale, subgrupurilor ciclice) lui G şi mulţimea
ordonată a claselor de subgrupuri izomorfe din G, ce vor fi investigate ı̂n
Secţiunea 2.3.

O serie de generalizări naturale ale lui L(G), N(G) şi C(G) pot fi obţinute
prin ı̂nlocuirea noţiunii de subgrup al lui G cu cea de subgrup fuzzy al lui
G şi a incluziunii dintre mulţimi cu cea dintre mulţimi fuzzy, anume laticea
subgrupurilor fuzzy FL(G), laticea subgrupurilor fuzzy normale FN(G) şi
mulţimea ordonată a subgrupurilor fuzzy ciclice FC(G). Studiul lor este
realizat ı̂n Secţiunea 2.4. Problema clasificării subgrupurilor fuzzy (normale)
ale lui G este, de asemenea, abordată ı̂n această secţiune. Ea se reduce la
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o problemă computaţională pe L(G) sau N(G) prin considerarea anumitor
relaţii de echivalenţă pe FL(G), respectiv pe FN(G).

Toate rezultatele autorului prezentate ı̂n Capitolul 2 sunt publicate, ac-
ceptate pentru publicare sau propuse pentru publicare, după cum poate fi
văzut ı̂n Bibliografie. Studiul ı̂nceput ı̂n aceste articole va fi cu siguranţă
extins şi ı̂n lucrări viitoare. Acesta este motivul pentru care teza se ı̂ncheie
cu o amplă listă de probleme deschise, corespunzătoare fiecărei secţiuni din
Capitolul 2.

În cele din urmă, sperăm că audienţa acestei teze va include atât studenţi
ce doresc să se iniţieze ı̂ntr-un domeniu important al teoriei grupurilor, cât
şi cercetători din cadrul lui. Se presupune că cititorul este familiarizat cu
noţiunile şi rezultatele elementare ale teoriei grupurilor şi ale teoriei lati-
celor. Pentru acestea, facem trimitere la monografiile standard ale lui M.
Aschbacher [3], B. Huppert [44], I.M. Isaacs [45], M. Suzuki [88], respectiv
ale lui G. Birkhoff [14] şi G. Grätzer [35].



Chapter 2

Main results

2.1 Basic properties and structure of subgroup

lattices

2.1.1 Pseudocomplementation

In this section we present the results of [62] about (finite) groups whose
(normal) subgroup lattice is pseudocomplemented. These will be called PK-
groups and PKN-groups, respectively. We obtain a complete classification of
finite PK-groups and of finite nilpotent PKN -groups, thereby vastly impro-
ving earlier results [23]. We will also classify groups with the property that
each subgroup is itself a PKN -group, and we will give some results about
groups for which the normal subgroup lattice is a so-called Stone lattice. In
particular, we will classify finite groups for which the normal subgroup lattice
of every subgroup is a Stone lattice, and as a corollary, we obtain a complete
classification of finite groups for which every subgroup is monolithic.

First of all, we recall some lattice theory notions. Let (L,∧,∨) be a
bounded lattice with top 1 and bottom 0, and let a ∈ L. An element b ∈ L
is called a complement of a if a ∨ b = 1 and a ∧ b = 0, and the lattice L is
called complemented if every element of L has a complement. An element
a∗ ∈ L is called a pseudocomplement of a if the following two conditions are
satisfied:

(i) a ∧ a∗ = 0 ;

(ii) a ∧ x = 0 (x ∈ L) implies x ≤ a∗ .

7
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Any element of L can have at most one pseudocomplement. We say that L is
a pseudocomplemented lattice if every element of L has a pseudocomplement.
Note that the terminology is slightly misleading, since a complement is not
necessarily a pseudocomplement; in fact, a complement of an element need
not be unique.

In a pseudocomplemented lattice L the set S(L) = {x∗ | x ∈ L} forms
a lattice (called the skeleton of L), which is a ∧-subsemilattice of L and in
which the join is defined by x t y = (x ∨ y)∗∗ = (x∗ ∧ y∗)∗. The lattice
(S(L),∧,t) is in fact a boolean lattice [35, Theorem I.6.4] (notice that this
result was first proved for complete distributive lattices by V. Glivenko [33]).
A pseudocomplemented distributive lattice L for which the skeleton S(L) is
a sublattice of L is called a Stone lattice.

PK-groups

Definition 1. A group G is called a PK-group if its lattice of subgroups
L(G) is pseudocomplemented, and it is called a PKN-group if its lattice of
normal subgroups N(G) is pseudocomplemented.

A complete classification of finite PK-groups is given by the following
theorem.

Theorem 2. Let G be a finite group of order 2tm with m odd. Then G is a
PK-group if and only if it is cyclic or it is isomorphic to the direct product
of a cyclic group of order m and a generalized quaternion group of order 2t.

In order to prove Theorem 2, we need some auxiliary results. We start
with the following easy but important lemma.

Lemma 3.

(i) Every subgroup of a PK-group is again a PK-group.

(ii) Every cyclic group is a PK-group.

(iii) A group of order p2, p prime, is a PK-group if and only if it is cyclic.

(iv) Every generalized quaternion group is a PK-group.

Proof.

(i) Let G be PK-group and let H ≤ G. If A is a subgroup of H and the
pseudocomplement of A in G is A∗, then A∗ ∩H is the pseudocomple-
ment of A in H.
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(ii) Let G be a finite cyclic group, and let A be an arbitrary subgroup of
G. Let s be the largest divisor of |G| coprime to |A|, and let A∗ be the
unique subgroup of G of order s. Then A∗ is the pseudocomplement of
A in G.

Now let G be the infinite cyclic group (Z,+). Clearly, any two non-
trivial subgroups of G intersect non-trivially. So let A be an arbitrary
subgroup of G, then A∗ = {0} is a pseudocomplement of A in G.

(iii) Let G be a group of order p2, and assume that G is not cyclic. Then
G ∼= Cp×Cp, hence G has p+1 subgroups of order p, any two of which
intersect trivially. Take any one of them, say A. Then every other
of these subgroups is maximal amongst those intersecting A trivially.
Hence G is not a PK-group.

(iv) Let G be a generalized quaternion group. It is well-known that such a
group contains a unique involution z (see, for example, [3, Chapter 8,
Exercise 3 (7)]). But then every non-trivial subgroup A of G contains
z, and hence A∗ = 1 is a pseudocomplement for A in G.

Corollary 4. Let G be a finite PK-group. Then every Sylow subgroup of G
is either cyclic or generalized quaternion.

Proof. Let p be any prime divisor of |G|, and let S be a Sylow p-subgroup
of G. By (i) and (iii) of Lemma 3, every subgroup of S of odd order p2 is
cyclic. Equivalently, S has a unique subgroup of order p, since the center
Z(S) of S always contains a subgroup of order p. If p is odd, this implies
that S is cyclic, and if p = 2, this implies that S is either cyclic or generalized
quaternion (see, for example, [3, Chapter 8, Exercise 4]).

Before we proceed, we show that the PK and PKN properties behave
well with respect to direct products of groups of coprime order.

Proposition 5. Let G ∼= G1 × · · · × Gn with gcd(|Gi|, |Gj|) = 1, for all
i, j ∈ {1, . . . , n} with i 6= j. Then:

(i) G is a PK-group if and only if each Gi is a PK-group.

(ii) G is a PKN-group if and only if each Gi is a PKN-group.

Proof. We only prove (ii), the proof of (i) being similar. So assume first
that G is a PKN -group, let i ∈ {1, 2, . . . , n} and let N EGi. Then N EG,
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hence N has a pseudocomplement N∗ in G. It is now clear that N∗ ∩ Gi is
a pseudocomplement of N in Gi.

Conversely, assume that each Gi is a PKN -group, and let N EG. Since
gcd(|Gi|, |Gj|) = 1 for all i, j ∈ {1, . . . , n} with i 6= j, we can write N =
N1 × · · · ×Nn, where Ni EGi, for all i ∈ {1, . . . , n}. For each i, let N∗i be a
pseudocomplement of Ni in Gi. Then N∗ = N∗1 × · · · ×N∗n is a pseudocom-
plement of N in G.

Remark. It is clear from Lemma 3, (iii), that the coprimeness condition
cannot be omitted in the above corollary.

We are now ready to prove Theorem 2.

Proof of Theorem 2. Assume first that G is either cyclic or isomorphic
to the direct product of a cyclic group of odd order m and a generalized
quaternion group of order 2t. Then it is clear from Lemma 3, (ii) and (iv),
together with Proposition 5, (i), that G is a PK-group.

Assume now that G is a PK-group. We will show that G is nilpotent.
The result will then follow immediately from Corollary 4 since a finite nilpo-
tent group is the direct product of its Sylow subgroups. So let P be an
arbitrary Sylow p-subgroup of G for some prime divisor p of |G|, and let N
be a pseudocomplement for P in G. Moreover, let R be the subgroup of
G generated by all p′-elements of G. Then R is characteristic in G. Since
N contains every p′-element of G, we have R ≤ N . Because N ∩ P = 1,
however, we have R ∩ P = 1 as well, and hence R intersects every Sylow
p-subgroup trivially. We conclude that R is a Hall p′-subgroup of G, and
since it is normal, it is, in fact, a normal p-complement. This holds for every
prime divisor p of |G|, and hence G has a normal p-complement for each of
its prime divisors. It follows that every Sylow subgroup of G is normal (as
it is the intersection of normal Hall subgroups), and thus G is nilpotent.

PKN-groups

In contrast to the situation of PK-groups, a (normal) subgroup of a
PKN -group is not necessarily a PKN -group. For example, the dihedral
group D8 of order 8 is a PKN -group, but has a normal subgroup Z2 × Z2,
which is not a PKN -group. This simple fact makes the study of PKN -
groups considerably harder.

We start with an easy but useful observation.

Proposition 6. Let G be a finite PKN-group. Then the center Z(G) of G
is cyclic.
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Proof. Let H ≤ Z(G) be arbitrary. Then H E G and so it has a pseudo-
complement H∗ in N(G). It is clear that Z(G)∩H∗ is a pseudocomplement
of H in L(Z(G)). Hence Z(G) is a PK-group. The result now follows from
Theorem 2 since Z(G) is abelian.

Proposition 5, (ii), shows that the PKN property behaves well with res-
pect to direct products of coprime order. For arbitrary direct products, we
still have the following facts.

Lemma 7. Let G = G1 × · · · ×Gn be a PKN-group. Then:

(i) Each Gi is a PKN-group.

(ii) If N EG is such that N ∩Gi = 1 for all i, then N = 1.

Proof.

(i) Let i ∈ {1, 2, . . . , n} and let N EGi. Then N EG, hence N has a pseu-
docomplement N∗ in G. It is clear that N∗∩Gi is a pseudocomplement
of N in Gi.

(ii) Let N∗ be the pseudocomplement of N in G. Since N ∩ Gi = 1, we
have Gi ≤ N∗ for all i, hence N∗ = G and since N∩N∗ = 1 this implies
N = 1.

Remark. By a well-known result of J. Wiegold [138], a group has a comple-
mented lattice of normal subgroups (such a group is called an nD-group - see
[136]) if and only if it is a direct product of simple groups. So an nD-group
is not always a PKN -group. A sufficient condition for a direct product G of
simple groups to become a PKN -group is that no two its minimal abelian
factors are isomorphic. In this case N(G) is a boolean lattice (see [137,
Lemma 1]) and hence a pseudocomplemented lattice.

In any normal subgroup lattice N(G) we have 1∗ = G and G∗ = 1. A
special type of PKN -groups G is obtained when the skeleton S(N(G)) only
contains the subgroups 1 and G.

Definition 8. We say that a PKN -group G is elementary if S(N(G)) =
{1, G}.

A characterization of finite elementary PKN -groups is given by the fol-
lowing result.
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Proposition 9. A finite group G is an elementary PKN-group if and only if
it is a monolithic group, i.e. a group with a unique minimal normal subgroup.

Proof. Suppose that G is an elementary PKN -group and assume that it has
at least two minimal normal subgroups M1 and M2. Because M1 ∩M2 = 1,
it follows that M2 ≤M∗

1 and therefore M∗
1 6= 1, a contradiction. Conversely,

suppose that G is a monolithic group and let M be its unique minimal normal
subgroup. Then for every H EG with H 6= 1, we have M ≤ H. This shows
that H∗ = 1. Hence G is an elementary PKN -group.

Remark. This result is no longer true for infinite groups, since an infinite
group may have no minimal normal subgroups at all. For example, the
infinite cyclic group (Z,+) is elementary PKN , but has no minimal normal
subgroups.

Remark. By using Proposition 9, many classes of elementary PKN -groups
can be obtained. For example, any group whose normal subgroup lattice is a
chain is an elementary PKN -group. In particular, simple groups, symmetric
groups, cyclic p-groups or finite groups of order pnqm (p, q distinct primes)
with cyclic Sylow subgroups and trivial center [75, Exercise 3, p. 497] are
all elementary PKN -groups (see also Theorem 23 and Theorem 26 below).
We also mention that any proper semidirect product of type G = 〈a〉M ,
where M is a maximal normal subgroup of G having a fully ordered lattice
of normal subgroups, is an elementary PKN -group.

Obviously, elementary PKN -groups G have the property that the lattice
S(N(G)) is a sublattice of N(G). Our next result gives a characterization of
finite PKN -groups for which this property holds.

Proposition 10. For a finite PKN-group G, the following two properties
are equivalent:

(a) S(N(G)) is a sublattice of N(G).

(b) G is a direct product of elementary PKN-groups.

Proof. For each normal subgroup N EG, we will denote its pseudocomple-
ment in G by N∗. We claim that (a) is equivalent with the condition

(1) (A ∩B)∗ = A∗B∗, for all A,B ∈ S(N(G)) .

Indeed, observe that S(N(G)) = {AEG | A∗∗ = A}. If S(N(G)) is a sublat-
tice of N(G), then for all A,B ∈ S(N(G)), we have AB = AtB = (A∗∩B∗)∗,
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so by replacing A with A∗ and B with B∗ we obtain (1). Conversely, if (1)
holds, then for all A,B ∈ S(N(G)), we have AB = A∗∗B∗∗ = (A∗ ∩ B∗)∗ ∈
S(N(G)), so S(N(G)) is a sublattice of N(G).

(a)⇒(b). To prove (b), we will use induction on |G|. Let M1,M2, . . . ,Ms

be the minimal normal subgroups of G. If s = 1, then G itself is an
elementary PKN -group, so we may assume s ≥ 2. Then M∗

1∩M∗∗
1 = 1,

and by (1)

G = 1∗ = (M∗
1 ∩M∗∗

1 )∗ = M∗∗
1 M

∗∗∗
1 = M∗∗

1 M
∗
1 .

Hence G is the direct product of M∗∗
1 and M∗

1 . In particular, every
minimal normal subgroup of M∗∗

1 is also a minimal normal subgroup
of G. Now Mi ≤ M∗

1 , for all i ∈ {2, . . . , s}, hence Mi ∩ M∗∗
1 = 1.

Therefore M∗∗
1 has a unique minimal normal subgroup, namely M1,

and hence M∗∗
1 is an elementary PKN -group.

By Lemma 7, (i), M∗
1 is again a PKN -group. It remains to show that

S(N(M∗
1 )) is a sublattice of N(M∗

1 ), since the result will then follow
by the induction hypothesis. We have

S(N(M∗
1 )) = {K∗ ∩M∗

1 | K ∈ N(G)} = {A ∩M∗
1 | A ∈ S(N(G))} .

For any two elements A ∩M∗
1 and B ∩M∗

1 of S(N(M∗
1 )), we have

(A ∩M∗
1 ) ∩ (B ∩M∗

1 ) = (A ∩B) ∩M∗
1 ∈ S(N(M∗

1 )) ,

(A ∩M∗
1 )(B ∩M∗

1 ) = (AB) ∩M∗
1 ∈ S(N(M∗

1 )) ,

where we have used the fact that S(N(G)) is a distributive lattice. This
shows that S(N(M∗

1 )) is a sublattice of N(M∗
1 ), as claimed.

(b)⇒(a). Let G = G1 × · · · × Gn, where each Gi is an elementary PKN -
group. Let K ∈ S(N(G)) be arbitrary, and let i ∈ {1, . . . , n}. Since
K ∩ Gi ∈ S(N(Gi)) = {1, Gi}, we have either K ∩ Gi = 1 (and then
Gi ≤ K∗) or Gi ≤ K (and then K∗ ∩Gi = 1). Let

X = {i ∈ {1, . . . , n} | K ∩Gi = 1} = {i ∈ {1, . . . , n} | Gi ≤ K∗} ,

Y = {i ∈ {1, . . . , n} | K∗ ∩Gi = 1} = {i ∈ {1, . . . , n} | Gi ≤ K} ,
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and write A =
∏

i∈X Gi and B =
∏

i∈Y Gi. Then G = A× B. Clearly,
both A and B are PKN -groups by Lemma 7, (i). Observe also that
B ≤ K. By the modular law, one obtains

K = K ∩G = K ∩ (AB) = B(K ∩ A) .

However, (ii) of Lemma 7 applied on the PKN -group A leads to K ∩
A = 1. Hence K = B =

∏
i∈Y Gi.

Now take K1, K2 ∈ S(N(G)). Then there are subsets Y and Z of
{1, . . . , n} such that K1 =

∏
i∈Y Gi and K2 =

∏
i∈Z Gi. Since S(N(G))

is always a ∧-subsemilattice of N(G), we have K1 ∩ K2 ∈ S(N(G))
(in fact K1 ∩K2 =

∏
i∈Y ∩Z Gi). On the other hand, it is obvious that

K1K2 =
∏

i∈Y ∪Z Gi ∈ S(N(G)). Hence S(N(G)) is a sublattice of
N(G).

Remark. If the equivalent properties of Proposition 10 are satisfied, then
S(N(G)) is in fact a direct product of chains of length 1. This follows from
the proof of (b)⇒(a).

A complete classification of finite PKN -groups seems to be out of reach
at this point, but we are able to classify all finite nilpotent PKN -groups.

Theorem 11. Let G be a finite nilpotent group. Then G is a PKN-group
if and only if its center Z(G) is cyclic.

Proof. If G is a PKN -group, then Z(G) is cyclic by Proposition 6. So,
assume that G is a finite nilpotent group with cyclic center. Then G is
isomorphic to the direct product of its Sylow subgroups, G ∼=

∏k
i=1Gi, where

each Gi is a pi-group with cyclic center. By Proposition 5, (ii), G is a PKN -
group if and only if each Gi is a PKN -group.

Therefore we may assume without loss of generality that G is a p-group
with cyclic center Z(G). But then the unique subgroup A of Z(G) of order
p is in fact the unique minimal normal subgroup of G. By Proposition 9, G
is a PKN -group (in fact an elementary PKN -group).

Corollary 12. Let G be a finite nilpotent PKN-group. Then:

(i) G is the direct product of elementary PKN-groups.

(ii) S(N(G)) is a sublattice of N(G).
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Proof. Part (i) follows from the fact that a PKN -p-group is elementary
PKN . Part (ii) then follows from Proposition 10.

PKN∗-groups

As we have observed in the beginning of the previous section, the class
of PKN -groups is not closed under (normal) subgroups. It therefore makes
sense to introduce the following class of groups.

Definition 13. A group G is called a PKN∗-group if all of its subgroups
are PKN -groups.

In the following our goal is to classify finite PKN∗-groups.

Theorem 14. Let G be a finite group. Then the following are equivalent:

(a) G is a PKN∗-group.

(b) For each prime divisor p of |G|, every Sylow p-subgroup of G has a
unique subgroup of order p.

(c) All Sylow subgroups of G of odd order are cyclic and all Sylow 2-
subgroups of G are cyclic or generalized quaternion.

Proof. The fact that (b) and (c) are equivalent is well-known (see, for
example, [3, Chapter 8, Exercise 4]). So, it suffices to show that (a) and (b)
are equivalent.

Assume first that G is a PKN∗-group. Then every subgroup of order p2

(with p prime) is itself a PKN -group, and hence such a subgroup is cyclic
by Lemma 3, (iii). As in the proof of Corollary 4, it follows that every Sylow
p-subgroup has a unique subgroup of order p. This shows that (a) implies
(b).

Conversely, suppose that G is a finite group such that every Sylow p-
subgroup of G has a unique subgroup of order p. We claim that for every
two normal subgroups U, V EG, the equivalence

(2) U ∩ V = 1⇐⇒ gcd(|U |, |V |) = 1

holds. Indeed, if gcd(|U |, |V |) = 1, then of course U ∩ V = 1. So assume
gcd(|U |, |V |) 6= 1, then there is a prime p dividing both |U | and |V |. Let P
be a Sylow p-subgroup of G, and let A and B be Sylow p-subgroups of U
and V , respectively. Then there exist x, y ∈ G such that 1 6= Ax ≤ P and
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1 6= By ≤ P . Since P has exactly one subgroup of order p, this implies that
Ax ∩By 6= 1 and so U ∩ V = Ux ∩ V y 6= 1. This proves the equivalence (2).

Now, let N be an arbitrary normal subgroup of G, and let U be the
largest normal subgroup of G with order coprime to |N | (such a U exists,
since if U1 and U2 are normal subgroups with order coprime to |N |, then so
is U1U2.) Then of course N ∩ U = 1, and by (2), every subgroup of G which
intersects N trivially, has order coprime to |N | and is therefore contained
in U . Hence U is a pseudocomplement of N in G, and we conclude that
G is a PKN -group. Since the condition (b) is inherited to subgroups, it
follows that every subgroup of G is a PKN -group as well, and hence G is a
PKN∗-group. This shows that (b) implies (a).

Remark. The finite groups with all Sylow subgroups cyclic, are always solv-
able, and these groups have, in fact, a very precise structure. They are known
as ZM -groups (see also Definition 19 and Theorem 22 below). An important
(lattice theoretical) property of the ZM -groups is that these groups are ex-
actly the finite groups whose poset of conjugacy classes of subgroups forms
a distributive lattice [17, Theorem A].

On the other hand, the groups satisfying condition (c) of Theorem 14 are
not always solvable, but the non-solvable ones are also well understood, by
the following deep result by Suzuki.

Theorem 15 (Suzuki [86]). Let G be a non-solvable finite group such that
every Sylow subgroup of G is either cyclic or generalized quaternion. Then G
contains a normal subgroup G1 such that |G : G1| ≤ 2 and G1

∼= Z×L, where
Z is a solvable group whose Sylow subgroups are all cyclic, and L ∼= SL(2, p)
for some odd prime p.

In particular, for each prime p, the group SL(2, p) is a PKN∗-group.

Groups whose normal subgroup lattices are Stone lattices

In the following we will present some results concerning finite groups G
for which the lattice N(G) is a Stone lattice, i.e. a distributive pseudocom-
plemented lattice such that S(N(G)) is a sublattice of N(G). As a corollary,
we will obtain a complete classification of the finite groups for which every
subgroup is monolithic, i.e. has a unique minimal normal subgroup.

We mention that the structure of groups with distributive lattices of nor-
mal subgroups, the so-called DLN-groups, is not known, but there are some
characterizations of these groups (see [69] or [75, § 9.1]). We only mention the
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following theorem, which is a straightforward generalization of [69, Theorem
4.1].

Theorem 16. Let G = G1 × · · · × Gk be a finite group. Then G is a
DLN-group if and only if each direct factor Gi is a DLN-group and for all
i 6= j, there are no central chief factors in Gi and in Gj the orders of which
coincide.

We are now able to establish the following characterization of finite groups
whose normal subgroup lattice is a Stone lattice.

Theorem 17. Let G be a finite group. Then N(G) is a Stone lattice if and
only if G is a direct product G = G1 × · · · × Gk of monolithic DLN-groups
Gi, and for all i 6= j, there are no central chief factors in Gi and in Gj the
orders of which coincide.

Proof. Assume first that N(G) is a Stone lattice. Then G is a PKN -group
and S(N(G)) is a sublattice of N(G), so by Proposition 10, G is a direct
product of monolithic groups: G = G1× · · · ×Gk. Since G is a DLN -group,
the conclusion now follows from Theorem 16.

Conversely, assume that G = G1×· · ·×Gk, where each Gi is a monolithic
DLN -group, and for all i 6= j, there are no central chief factors in Gi and
in Gj the orders of which coincide. Then by Theorem 16, N(G) is a dis-
tributive lattice. We now claim that G is a PKN -group. Indeed, let N EG.
By distributivity of N(G), we have N =

∏k
i=1(N ∩ Gi). Without loss of

generality, we may assume that N ∩Gi 6= 1 for i ∈ {1, . . . , s} and N ∩Gi = 1
for i ∈ {s + 1, . . . , k}. In particular, N ≤

∏s
i=1Gi. Let N∗ =

∏k
i=s+1Gi.

We claim that N∗ is a pseudocomplement of N in N(G). Indeed, we clearly
have N ∩ N∗ = 1. Assume that A E G is such that N ∩ A = 1. For each
i ∈ {1, . . . , s}, the group Gi is monolithic, so since N ∩Gi 6= 1 we must have
A ∩ Gi = 1. But then by distributivity, A =

∏k
i=1(A ∩ Gi) ≤ N∗, which

proves that N∗ is a pseudocomplement of N , as claimed. It now follows from
Proposition 10 that S(N(G)) is a sublattice of N(G), and hence N(G) is a
Stone lattice.

Remark. The structure of finite monolithic DLN -groups is not known ei-
ther. This class of groups obviously includes the cyclic p-groups, but we
already have seen that there exist a lot of non-cyclic groups which are mono-
lithic DLN -groups. Nevertheless, it is easy to see that the cyclic p-groups are
the only finite p-groups that are monolithic DLN -groups. Moreover, because
a direct product of k cyclic p-groups is a PKN -group if and only if k = 1,
the cyclic p-groups are also the only finite p-groups G for which N(G) is a
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Stone lattice.

The previous remark allows us to classify finite nilpotent groups whose
normal subgroup lattice is a Stone lattice.

Corollary 18. Let G be a finite nilpotent group. Then N(G) is a Stone
lattice if and only if G is cyclic.

Proof. Since G is nilpotent, it can be written as a direct product of its
Sylow subgroups: G = G1 × · · · ×Gk. If G is cyclic, then each of the groups
Gi is a cyclic pi-group, and hence a monolithic DLN -group. It follows from
Theorem 17 that N(G) is a Stone lattice.

Conversely, assume that N(G) is a Stone lattice. Since the orders of the
Sylow subgroups are coprime, Theorem 17 implies that each of the lattices
N(Gi) is a Stone lattice. On the other hand, by the above remark, each Gi

is cyclic. Hence G is also cyclic.

We will now investigate finite groups for which the normal subgroup lat-
tice of every subgroup is a Stone lattice. We recall first the following defini-
tion.

Definition 19. A finite group G is called a Zassenhaus metacyclic group, or
ZM-group for short, if all Sylow subgroups of G are cyclic.

Proposition 20. Let G be a finite group. Then the following two properties
are equivalent:

(a) N(H) is a Stone lattice for all subgroups H of G.

(b) G ∼= G1×· · ·×Gk, where the Gi are monolithic ZM-groups of coprime
orders, with the property that N(Hi) is a Stone lattice for all subgroups
Hi of Gi.

Proof.

(a)⇒(b). Let H be a Sylow subgroup of G. Then N(H) is a Stone lattice and
therefore, by Corollary 18, H is cyclic. Thus G is a ZM -group. Since
N(G) is a Stone lattice, Theorem 17 implies that G can be written as
a direct product of monolithic DLN -groups Gi, i ∈ {1, . . . , k}. Since
every subgroup of a ZM -group is itself a ZM -group, the Gi are in fact
ZM -groups. Suppose that there are i 6= j such that |Gi| and |Gj| have
a common prime divisor p. Then there are a subgroup Mi or order p
in Gi, and a subgroup Mj of order p in Gj. By our hypothesis, the
normal subgroup lattice of H = Mi ×Mj

∼= Cp ×Cp is a Stone lattice,
a contradiction.
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(b)⇒(a). Let H be an arbitrary subgroup of G. Since the direct factors Gi

have coprime orders, H ∼= H1×· · ·×Hk for certain subgroups Hi ≤ Gi.
Clearly H is a ZM -group and so it is a DLN -group. Since N(Hi) is
a Stone lattice for each i, Proposition 10 implies that each Hi is a
direct product of elementary PKN -groups, and hence the same is true
for H. Moreover, each Hi is a PKN -group, and since the Hi have
coprime orders, Proposition 5, (ii), implies that H is a PKN -group.
We conclude that N(H) is a Stone lattice.

In view of Proposition 20, (b), we will now digress on monolithic ZM -
groups. The structure of ZM -groups has been completely determined by
Zassenhaus.

Definition 21. A triple (m,n, r) satisfying the conditions

gcd(m,n) = gcd(m, r − 1) = 1 and rn ≡ 1 (modm)

will be called a ZM-triple, and the corresponding group

〈a, b | am = bn = 1, b−1ab = ar〉

will be denoted by ZM(m,n, r).

Theorem 22 (Zassenhaus). Let G be a ZM-group. Then there exists a
ZM-triple (m,n, r) such that G ∼= ZM(m,n, r). We have |G| = mn and
G′ = 〈a〉 (so |G′| = m), and G/G′ is cyclic of order n. Conversely, every
group isomorphic to ZM(m,n, r) is a ZM-group.

Proof. See, for example, [44, IV, Satz 2.11].

We can now determine the structure of monolithic ZM -groups.

Theorem 23. Let G ∼= ZM(m,n, r) be a ZM-group. Then the following
properties are equivalent:

(a) G is monolithic.

(b) Either m = 1 and n is a prime power, or m is a prime power and
rd 6≡ 1 (modm) for all 1 ≤ d < n.

(c) Either |G| is a prime power, or |G′| is a prime power and Z(G) = 1.
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Proof.

(a)⇒(b). Assume that G ∼= ZM(m,n, r) is monolithic. If m = 1, then G
is cyclic of order n. For each prime divisor p of n, G has a minimal
normal subgroup of order p. Hence n is a prime power.

So assume that m 6= 1, and let p be a prime divisor of m. By the
defining relations of G in Definition 21, we see that every subgroup
of 〈a〉 is normalized by b and thus is a normal subgroup of G. In
particular, G has a minimal normal subgroup of order p.

Hence m can have only one prime divisor, i.e. m is a prime power. Let
N be the minimal normal subgroup contained in 〈a〉. Suppose now that
there is some d < n such that rd ≡ 1 (modm). Since rn ≡ 1 (modm)
as well, we may in fact assume that d | n. Assume furthermore that
n/d is prime. Let H = 〈bd〉. Clearly, this is a subgroup of G of prime
order. By the defining relation ab = bar, we get

abd = bdar
d

= bda

since rd ≡ 1 (modm). This shows that bd ∈ Z(G), so in particular H
is a minimal normal subgroup of G, different from N . This contradicts
the fact that G is monolithic.

(b)⇒(c). If m = 1 and n is a prime power, then |G| = mn is a prime power.
So assume that m = |G′| is a prime power and rd 6≡ 1 (modm) for all
1 ≤ d < n. Let g = bsat with 0 ≤ s ≤ n− 1 and 0 ≤ t ≤ m− 1 be an
arbitrary element of G. We compute

[g, a] = a1−r
s

, [g, b] = at(r−1) .

Assume now that g ∈ Z(G). Then we must have rs ≡ 1 (modm) and
m | t(r− 1). Our assumption rd 6≡ 1 (modm) for all 1 ≤ d < n implies
s = 0. On the other hand, the fact that gcd(m, r−1) and t < m implies
t = 0. Hence Z(G) = 1.

(c)⇒(a). If |G| is a prime power, then G is a cyclic group of prime power
order and hence it is monolithic. So assume that |G′| is a prime power
and Z(G) = 1. Then G′ has a unique subgroup P of prime order,
which is therefore a minimal normal subgroup of G. Let N E G be
an arbitrary non-trivial normal subgroup of G. It is sufficient to show
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that N ∩ G′ 6= 1, since this will imply that P ≤ N . So suppose that
N∩G′ = 1. Then [N,G] = 1, and hence N ≤ Z(G). But now Z(G) = 1
implies N = 1, a contradiction.

We now claim that every monolithic ZM -group has the property that the
normal subgroup lattice of any subgroup is a Stone lattice. This statement
is obvious when the group is cyclic of prime power order, so we only consider
non-abelian ZM -groups.

Theorem 24. Let G ∼= ZM(m,n, r) be a monolithic non-abelian ZM-group
with m = pk for some prime p and some k ≥ 1. Then:

(i) n | p− 1.

(ii) The order of each element of G is a divisor of m or a divisor of n.

(iii) N(H) is a Stone lattice for each subgroup H of G. More precisely,
every subgroup of G is either cyclic or monolithic.

Proof. Let G ∼= ZM(m,n, r) be a monolithic ZM -group with generators
a and b as in Definition 21. By Theorem 23, m = pk for some prime p and
some number k ≥ 1 since we assume G to be non-abelian.

(i) By Theorem 23, (b), the order of r modulo pk is precisely n. In par-
ticular, n | φ(pk) = pk−1(p − 1), where φ is the Euler totient function.
Since gcd(n, p) = 1, we have n | p− 1.

(ii) By the defining relations in Definition 21, it is not very hard to compute,
using induction on d, that

(3) (bsat)d = bsd at(1+r
s+r2s+···+r(d−1)s) ,

for all natural numbers s, t, d. Suppose that G contains an element
g = bsat of order pq, where q is a prime dividing n. Then bs must have
order q, hence we have s = c · n/q for some c ∈ {1, . . . , q − 1}. Let
x = rs. Then the order of x modulo pk is q. We have

gq = at(1+x+x
2+···+x(q−1)) , gpq = at(1+x+x

2+···+x(pq−1)) .

Since g has order pq, this implies

(4) t
(
1 + x+ x2 + · · ·+ x(q−1)

)
6≡ 0 (mod pk) ,
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(5) t
(
1 + x+ x2 + · · ·+ x(pq−1)

)
≡ 0 (mod pk) .

Also observe that by (i), we have q | p − 1, so in particular xp ≡
x (mod pk). Let y = 1 + x + · · · + xp−1. Then y(x − 1) = xp − 1 ≡
x− 1 (mod pk), hence pk | (y− 1)(x− 1). However, x 6≡ 1 (mod pk), and
therefore p | y − 1. In particular, gcd(y, p) = 1.

Since xp ≡ x (mod pk), we have

1 + x+ x2 + · · ·+ x(pq−1) =

=
(
1 + x+ x2 + · · ·+ x(p−1)

) (
1 + xp + x2p + · · ·+ x(q−1)p

)
≡

≡ y
(
1 + x+ x2 + · · ·+ x(q−1)

)
(mod pk) .

Since gcd(y, p) = 1, this implies the equivalence

t
(
1 + x+ x2 + · · ·+ x(pq−1)

)
≡ 0 (mod pk)⇐⇒

⇐⇒ t
(
1 + x+ x2 + · · ·+ x(q−1)

)
≡ 0 (mod pk) .

This contradicts equations (4) and (5), and (ii) follows.

(iii) Let H be an arbitrary subgroup of G. If H is abelian, then it is cyclic,
so Corollary 18 implies that N(H) is a Stone lattice. So we may assume
that H is non-abelian. In particular, the derived subgroup H ′ is non-
trivial, and since H ′ ≤ G′ = 〈a〉, this implies that g = ap

k−1 ∈ H, and
therefore p | |H|. If p were the only prime dividing |H|, then H would
be cyclic, contradicting the fact that H is non-abelian. Hence there is
some prime q | n with q | |H|. Let h ∈ H be an element of order q.

Suppose that Z(H) 6= 1. If Z(H) contains an element x of order p, then
xh has order pq, contradicting (ii). If Z(H) does not contain elements
of order p, then it must contain an element y of order q′ for some
prime q′ | n, but then yg has order pq′, again contradicting (ii). We
conclude that Z(H) = 1, and hence by Theorem 23, H is a monolithic
ZM -group. In particular, N(H) is a Stone lattice.

We now obtain the complete classification of all groups with the property
that each subgroup has a Stone normal subgroup lattice as an easy corollary.

Theorem 25. Let G be a finite group. Then the following two properties
are equivalent:
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(a) N(H) is a Stone lattice for all subgroups H of G.

(b) G ∼= G1×· · ·×Gk, where the Gi are monolithic ZM-groups of coprime
orders.

Proof. This follows immediately from Proposition 20 and Theorem 24.

We end this section by classifying all finite groups such that every sub-
group is monolithic.

Theorem 26. Let G be a finite group. Then the following two properties
are equivalent:

(a) Every subgroup of G is monolithic.

(b) Either G is a cyclic group of order pk, or G is a ZM-group of order
pkq` with Z(G) = 1, where p, q are distinct primes.

Proof.

(a)⇒(b). Assume that every subgroup of G is monolithic. Then every Sylow
subgroup of G is cyclic, hence G is a monolithic ZM -group, say G ∼=
ZM(m,n, r). Assume that |G| is not a prime power. Then by Theorem
23, Z(G) = 1 and m is a prime power pk. On the other hand, the group
〈b〉 is a cyclic group of order n and it is clear that such a group can
only be monolithic if n is a prime power q`.

(b)⇒(a). If G is a cyclic group of prime power order, then each of its sub-
groups is monolithic. So assume that G is a ZM -group of order pkq`

with Z(G) = 1. By Theorem 23, G is monolithic. Now let H be an
arbitrary subgroup of G. Then by Theorem 24, (iii), H is cyclic or
monolithic. If it is monolithic, we are done, so assume H is cyclic. By
Theorem 24, (ii), the order of each element is either a power of p or a
power of q, so it follows that H is a cyclic p-group or a cyclic q-group.
In both cases, H is monolithic.

2.1.2 Breaking points in subgroup lattices

Several special types of elements have been studied in subgroup lattices. One
of them is constituted by the so-called breaking points. Recall that a breaking
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point in the subgroup lattice of a group G is a proper non-trivial subgroup
H of G with the property that

for every X ∈ L(G) we have X ≤ H or H ≤ X .

The starting point for our discussion is given by the paper [24], where locally
finite groups whose subgroup lattices have breaking points are classified.

Theorem 1 (Călugăreanu and Deaconescu [24]). Let G be a locally
finite group. Then L(G) possesses breaking points if and only if G is isomor-
phic to one of the following groups: finite cyclic p-groups of order at least p2,
generalized quaternion groups, Prüfer groups Z(p∞) and Szele’s group S.

Remark that the above concept can naturally be extended to other re-
markable posets of subgroups of a group (and also to arbitrary posets). In
the following we will present the main results of [101] about the existence
and the uniqueness of breaking points in the poset of cyclic subgroups of a
finite group.

We mention that by a generalized quaternion 2-group we mean a group
of order 2n for some natural number n ≥ 3, defined by the presentation

Q2n = 〈a, b | a2n−2

= b2, a2
n−1

= 1, b−1ab = a−1〉.

We also recall that these groups are the unique finite non-cyclic p-groups
all of whose abelian subgroups are cyclic, or equivalently the unique finite
non-cyclic p-groups possessing exactly one subgroup of order p (see (4.4) of
[88], II). Obviously, this result shows that the subgroup of order 2 of Q2n ,
namely 〈a2n−2〉, is the unique breaking point of C(Q2n).

Our main theorem proves that generalized quaternion 2-groups exhaust
all finite non-cyclic groups whose posets of cyclic subgroups have breaking
points.

Theorem 2. Let G be a finite group. Then C(G) possesses breaking points
if and only if G is either a cyclic p-group of order at least p2 or a generalized
quaternion 2-group.

We observe first that Theorem 2 can be easily proved in the particular
case of p-groups.

Lemma 3. Let G be a finite p-group. Then C(G) possesses breaking points
if and only if G is either a cyclic p-group of order at least p2 or a generalized
quaternion 2-group.
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Proof. Suppose that G is not cyclic and let H be a breaking point of C(G).
Then all minimal subgroups M1, M2, ..., Mk of G are contained in H. If
k ≥ 2, then we infer that H is not cyclic, a contradiction. So, we have
k = 1, that is G has a unique subgroup of order p. This implies that G is a
generalized quaternion 2-group, according to the result mentioned above.

The converse implication is obvious, completing the proof.

We are now able to give a proof of Theorem 2.

Proof of Theorem 2. Suppose that C(G) possesses a breaking point, say
H. We will prove that G must necessarily be a p-group. By the way of
contradiction, assume that the order of G has at least two distinct prime
divisors. Clearly, the same thing can be also said about the order of H. Let
p ∈ π(G) and K be a cyclic p-subgroup of G. Since H is not a p-subgroup, we
infer that K ⊆ H. In other words, H contains any cyclic p-subgroup of G and
consequently any p-element of G. This implies that all Sylow p-subgroups of
G are contained in H. Then H = G, a contradiction.

Hence G is a p-group, for some prime p, and now the conclusion follows
from Lemma 3.

By the above results we also infer that, given a finite group G, the poset
C(G) possesses a unique breaking point if and only if G is either a cyclic
p-group of order p2 or a generalized quaternion 2-group. In other words, the
following corollary holds.

Corollary 4. The generalized quaternion 2-groups are the unique finite non-
cyclic groups whose posets of cyclic subgroups have exactly one breaking point.

Finally, we indicate a natural generalization of our study. Let G be a
finite group and denote by

C(G) = { [H] | H ∈ C(G)}

the set of conjugacy classes of cyclic subgroups of G. Mention that C(G) is
also a poset under the ordering relation

[H1] ≤ [H2] if and only if H1 ⊆ Hg
2 , for some g ∈ G.

Take a breaking point [H] of C(G). Then H ∈ C(G) satisfies the following
condition: for any cyclic subgroup C of G, some conjugate of C in G contains
or is contained in H. Clearly, this is weaker than the condition that H be a
breaking point of C(G). We remark that for a finite p-group G it is sufficient
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to guarantee the uniqueness of a subgroup of order p in G. In other words,
Lemma 3 also holds if we replace C(G) with C(G). In the general case, that
is for arbitrary finite groups G, the problem of characterizing the existence
and the uniqueness of breaking points of C(G) remains still open.

2.1.3 Solitary subgroups and solitary quotients

Let G be a group. A subgroup H ∈ L(G) is called a solitary subgroup of G
if G does not contain another isomorphic copy of H, that is

∀K ∈ L(G), K ∼= H =⇒ K = H.

This concept has been introduced and studied by Kaplan and Levy [48].
The set Sol(G) consisting of all solitary subgroups of G forms a lattice with
respect to set inclusion, which will be called the lattice of solitary subgroups
of G.

A natural idea is to study the normal subgroups of G that induce solitary
quotients. The set of these subgroups also forms a lattice, which constitutes
a ”dual” for Sol(G). The first steps in studying this new lattice have been
made in [106] for finite groups.

The lattice QSol(G)

Let G be a finite group and QSol(G) be the set of normal subgroups of
G that determine solitary quotients, that is

QSol(G) = {H ∈ N(G) | ∀K ∈ N(G), G/K ∼= G/H =⇒ K = H}.

We remark that all elements of QSol(G) are characteristic subgroups of G.
It is also obvious that 1 and G are contained in QSol(G). If QSol(G) consists
only of these two subgroups, then we will call G a quotient solitary free group.

Remark. Clearly, another important subgroup of G that belongs to QSol(G)
is G′. We infer that if G is quotient solitary free, then G′ = G or G′ = {1}
and therefore G is either perfect or abelian. Observe also that the elementary
abelian p-groups are quotient solitary free.

Our first result shows that QSol(G) can naturally be endowed with a
lattice structure.

Proposition 1. Let G be a finite group. Then QSol(G) is a lattice with
respect to set inclusion.



contributions to the study of subgroup lattices 27

Proof. Let H1, H2 ∈ QSol(G) and H ∈ N(G) such that G/H ∼= G/H1∩H2.
Choose an isomorphism f : G/H1∩H2 −→ G/H. Then there are two normal
subgroups H ′1, H

′
2 of G with f(Hi/H1 ∩H2) = H ′i/H, i = 1, 2. It is easy to

see that H ′1 ∩H ′2 = H. One obtains

G

Hi

∼=

G

H1 ∩H2

Hi

H1 ∩H2

∼=

G

H
H ′i
H

∼=
G

H ′i
,

which implies that H ′i = Hi, i = 1, 2, and so H = H1∩H2. Therefore H1∩H2

is the meet of H1 and H2 in QSol(G).
Obviously, the join of H1 and H2 in QSol(G) also exists, and consequently

QSol(G) is a lattice. Note that 1 and G are, respectively, the initial element
and the final element of this lattice.

An exhaustive description of the above lattice for an important class of
finite groups, the dihedral groups

D2n = 〈x, y | xn = y2 = 1, yxy = x−1〉, n ≥ 3,

is indicated in the following.

Example. The structure of L(D2n) is well-known: for every divisor r of
n, D2n possesses a unique cyclic subgroup of order r (namely 〈xnr 〉) and n

r

subgroups isomorphic to D2n
r

(namely 〈xnr , xiy〉, i = 0, 1, ..., n
r
−1). Remark

that D2n has always a maximal cyclic normal subgroup M = 〈x〉 ∼= Zn.
Clearly, all subgroups of M are normal in D2n. On the other hand, if n
is even, then D2n has another two maximal normal subgroups of order n,
namely M1 = 〈x2, y〉 and M2 = 〈x2, xy〉, both isomorphic to Dn. In this way,
one obtains

N(D2n) =


L(M) ∪ {D2n}, n ≡ 1 (mod 2)

L(M) ∪ {D2n,M1,M2}, n ≡ 0 (mod 2).

We easily infer that

QSol(D2n) =


L(M) ∪ {D2n}, n ≡ 1 (mod 2)

L(M)∗ ∪ {D2n}, n ≡ 0 (mod 2),
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where L(M)∗ denotes the set of all proper subgroups of M .

Observe that the equality between the lattices Sol(G) and QSol(G) asso-
ciated to a finite group G fails. For example, we have 〈x2〉 ∈ QSol(D8) but
〈x2〉 /∈ Sol(D8), respectively 〈x〉 ∈ Sol(D8) but 〈x〉 /∈ QSol(D8).

By looking to the dihedral groups D2n with n odd, we also infer that
there exist finite groups G such that QSol(G)= N(G). Other examples of
such groups are the finite groups without normal subgroups of the same order
and, in particular, the finite groups G for which N(G) is a chain (as simple
groups, symmetric groups, cyclic p-groups or finite groups of order pnqm (p, q
distinct primes) with cyclic Sylow subgroups and trivial center – see Exercise
3, page 497, [75]). Note also that for a finite group G the condition QSol(G)=
N(G) is very close to the conditions of Theorem 9.1.6 of [75] that characterize
the distributivity of N(G).

The following proposition shows that the relation ”to be quotient solitary”
is transitive.

Proposition 2. Let G be a finite group and H ⊇ K be two normal subgroups
of G. If H ∈ QSol(G) and K ∈ QSol(H), then K ∈ QSol(G).

Proof. Let K1 ∈ N(G) such that G/K1
∼= G/K and take an isomorphism

f : G/K −→ G/K1. Set H1/K1 = f(H/K), where H1 is a normal subgroup
of G containing K1. It follows that

G

H
∼=

G

K
H

K

∼=

G

K1

H1

K1

∼=
G

H1

,

which leads to H1 = H. One obtains H/K1
∼= H/K and therefore K1 = K.

Hence K ∈ QSol(G).

Next we will study the connections between the lattices QSol(G) and
QSol(G), where G is an epimorphic image of G. We mention that a proper
subgroup H ∈ QSol(G) will be called maximal in QSol(G) if it is not properly
contained in any proper subgroup of QSol(G).

Proposition 3. Let G be a finite group and H be a proper normal subgroup of
G. Set G = G/H and denote by π : G −→ G the canonical homomorphism.
Then, for every K ∈ QSol(G), we have π(K) ∈ QSol(G). In particular, if
H ∈ QSol(G) and G is quotient solitary free, then H is maximal in QSol(G).
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Proof. Let K ∈ QSol(G) and K1 be a normal subgroup of G which contains
H and satisfies G/π(K1) ∼= G/π(K). Then G/K1

∼= G/K and thus K1 = K,
in view of our hypothesis. Hence π(K1) = π(K).

Suppose now that G is quotient solitary free and let K ∈ QSol(G) with
K 6= G and H ⊂ K. Then, by what we proved above, K = π(K) ∈ QSol(G)
and {1} ⊂ K ⊂ G, a contradiction.

Remark. Under the hypotheses of Proposition 3, π fails to induce a bijection
between the sets A = {K ∈ QSol(G) | H ⊆ K} and QSol(G), as follows by
taking G = D12 and H the (unique) normal subgroup of order 3 of D12 (in
this case A consists of three elements, namely H, D12 and the cyclic subgroup
of order 6 in D12, while D12

∼= Z2 × Z2 is quotient solitary free).

In the following we assume that G is nilpotent and let

(1) G =
k∏
i=1

Gi

be the decomposition of G as a direct product of Sylow subgroups. Then
the lattice N(G) is decomposable. More precisely every H ∈ N(G) can be
written as

∏k
i=1Hi with Hi ∈ N(Gi), i = 1, 2, ..., k. We infer that H ∈

QSol(G) if and only if Hi ∈ QSol(Gi), for all i = 1, k. In this way, the lattice
QSol(G) is also decomposable

(2) QSol(G) ∼=
k∏
i=1

QSol(Gi)

and its study is reduced to p-groups.

We first remark that for a finite p-group G, the lattice Char(G) of charac-
teristic subgroups of G is in general strictly contained in QSol(G) (take, for
example, G = S2n , the quasi-dihedral group of order 2n; being isomorphic to
Z2n−1 , D2n−1 and S2n−1 , respectively, the maximal subgroups of S2n are cha-
racteristic, but clearly they do not belong to QSol(G)). In fact, a maximal
subgroup M of G is contained in QSol(G) if and only if G is cyclic.

The following result will play an essential role in studying solitary quo-
tients of finite abelian groups. It illustrates another important element of
QSol(G) in the particular case of p-groups.

Proposition 4. Let G be a finite p-group. Then Φ(G) is a maximal element
of QSol(G).
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Proof. If G/H ∼= G/Φ(G) for some H ∈ N(G), then G/H is elementary
abelian. Since Φ(G) is minimal in G with the property to determine an
elementary abelian quotient, we have Φ(G) ⊆ H. On the other hand, we
know that Φ(G) and H are of the same order. These lead to H = Φ(G), that
is Φ(G) ∈ QSol(G).

We already have seen that G/Φ(G) is quotient solitary free. According
to Proposition 3, this implies the maximality of Φ(G) in QSol(G).

Obviously, by Propositions 2 and 4 we infer that the Frattini series of a
finite p-group G is contained in QSol(G), that is

{Φn(G) | n ∈ N} ⊆ QSol(G),

where Φ0(G) = G and Φn(G) = Φ(Φn−1(G)), for all n ≥ 1. This can natura-
lly be extended to finite nilpotent groups.

Corollary 5. Let G be a finite nilpotent group. Then

(3) {Φn(G) | n ∈ N} ⊆ QSol(G).

Moreover, under the above notation, the maximal elements of QSol(G) are

Φ(Gi)
∏
j 6=i

Gj , i = 1, 2, ..., k.

In particular, we also obtain the following corollary.

Corollary 6. Let G be a finite nilpotent group. Then QSol(G)= N(G) if
and only if G is cyclic.

The case of finite abelian groups

In the following we will focus on describing the lattice QSol(G) associated
to a finite abelian group G. As we have seen above, it suffices to consider
finite abelian p-groups. Our main goal is to prove that for such a group the
relation (3) becomes an equality.

First of all, we recall that given groups G1 and G2, a duality from G1 onto
G2 is a bijective map δ : L(G1) −→ L(G2) such that the following equivalent
conditions are satisfied:

– ∀H,K ∈ L(G1), we have H ≤ K if and only if Kδ ≤ Hδ;
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– (H ∧K)δ = Hδ ∨Kδ, for all H,K ∈ L(G1);

– (H ∨K)δ = Hδ ∧Kδ, for all H,K ∈ L(G1).

We say that a group G has a dual if there exists a duality from G to some
group G, and that G is self-dual if there exists a duality from G onto G.
Recall also a famous theorem due to Baer (see, for example, Theorem 8.1.4
of [75] or Theorem 4.2 of [87]) which states that every finite abelian group
(and, in particular, every finite abelian p-group) G is self-dual. Moreover, by
fixing an autoduality δ of G, we have

(4) H ∼= G/δ(H) and δ(H) ∼= G/H, for all H ∈ L(G).

These isomorphisms easily lead to the following proposition.

Proposition 7. Let G be a finite abelian p-group and δ be an autoduality of
G. Then δ(QSol(G)) = Sol(G) and δ(Sol(G)) = QSol(G), that is δ induces
an anti-isomorphism between the lattices QSol(G) and Sol(G). Moreover, we
have δ2(H) = H, for all H ∈ QSol(G).

By Proposition 4, we know that Φ(G) is a maximal element of QSol(G).
The Φ-subgroup of a finite abelian p-group satisfies some other simple but
important properties in QSol(G).

Lemma 8. Let G be a finite abelian p-group and G ∼=
∏k

i=1 Zpαi be the
primary decomposition of G. Then, for every proper subgroup H of QSol(G),
we have :

(a) H ⊆ Φ(G);

(b) H ∈ QSol(Φ(G)).

Proof. (a) We shall proceed by induction on k. The inclusion is trivial for
k = 1. Assume now that it holds for any abelian p-group of rank less than k
and put G = G1 ×G2, where G1

∼=
∏k−1

i=1 Zpαi and G2
∼= Zpαk . According to

Suzuki [88], vol. I, (4.19), a subgroup H of G is uniquely determined by two
subgroups H1 ⊆ H ′1 of G1, two subgroups H2 ⊆ H ′2 of G2 and an isomorphism
ϕ : H ′1/H1 −→ H ′2/H2 (more exactly, we have H = {(x1, x2) ∈ H ′1 × H ′2 |
ϕ(x1H1) = x2H2}). Mention that H ′i = πi(H), i = 1, 2, where π1 and π2
are the projections of G onto G1 and G2, respectively. Clearly, Proposition 3
implies that H ′i belongs to QSol(Gi), i = 1, 2. Since H ∈ QSol(G), it follows
that each H ′i is properly contained in Gi. Indeed, if H ′1 = G1, then π1 induces
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a surjective homomorphism from H to G1, and therefore H has a quotient
isomorphic to G1. By duality, it also has a subgroup isomorphic to G1. This
implies that G/H is isomorphic to a quotient of G2, i.e. it is cyclic. Thus
δ(H) is a cyclic solitary subgroup of G. In other words, G contains a unique
non-trivial cyclic subgroup of a certain order, a contradiction. Similarly, we
have H ′2 6= G2. Then, by the inductive hypothesis, one obtains H ′i ⊆ Φ(Gi),
i = 1, 2, and so

H ⊆ H ′1 ×H ′2 ⊆ Φ(G1)× Φ(G2) = Φ(G).

(b) By using Lemma 8.1.6 of [75], we infer that δ induces a bijection
between the set of proper subgroups of QSol(G) contained in Φ(G) and
Sol(G/δ(Φ(G)). Since the groups G/δ(Φ(G)) and Φ(G) are isomorphic, their
lattices of solitary subgroups are also isomorphic. Finally, on account of
Proposition 7, the lattices Sol(Φ(G)) and QSol(Φ(G)) are anti-isomorphic.
Hence there is a bijection between the sets {H ∈ QSol(G) | H ⊆ Φ(G)} and
QSol(Φ(G)). On the other hand, by Proposition 2 we have

QSol(Φ(G)) ⊆ {H ∈ QSol(G) | H ⊆ Φ(G)},

and therefore these sets are equal. This completes the proof.

Remark. An alternative way of proving (a) of Lemma 8 is obtained by
using the lattice of characteristic subgroups of G. According to Theorem
3.7 of [50] (see also [49]), Char(G) has a unique minimal element, say M ,
and clearly this is solitary in G. It follows that δ(M) is the unique maximal
element of QSol(G) and thus it will coincide with Φ(G). In this way, all
proper subgroups of QSol(G) are contained in Φ(G).

Let r be the length of the Frattini series of G (note that if G ∼=
∏k

i=1 Zpαi ,
α1 ≤ α2 ≤ · · · ≤ αk, is the primary decomposition of G, then r = αk). By
using Lemma 8 and a standard induction on r, we easily come up with the
conclusion that QSol(G) coincides with this series. The lattice Sol(G) is also
completely determined in view of Proposition 7. Hence we have proved the
following theorem.

Theorem 9. Let G be a finite abelian p-group and G ∼=
∏k

i=1 Zpαi be the
primary decomposition of G. Then both the lattices Sol(G) and QSol(G) are
chains of length αk. More precisely, under the above notation, we have

QSol(G) : 1 = Φαk(G) ⊂ Φαk−1(G) ⊂ ... ⊂ Φ1(G) ⊂ Φ0(G) = G
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and

Sol(G) : 1 = δ(Φ0(G)) ⊂ δ(Φ1(G)) ⊂ δ(Φ2(G)) ⊂ ... ⊂ δ(Φαk(G)) = G.

Notice that an alternative way of proving Theorem 9 can be inferred from
classification of finite abelian groups and the types of their subgroups (see
also the corrigendum to [106] suggested by Professor R. Schmidt). Moreover,
we observe that for such a group G the lattice Sol(G) (as well as QSol(G))
is isomorphic to the lattice πe(G) of element orders of G, because they are
direct product of chains of the same length.

Example. The lattices QSol(Z2 × Z4) and Sol(Z2 × Z4) associated to the
finite abelian 2-group Z2 × Z4 consist of the following chains

QSol(Z2 × Z4) : 1 ⊂ Φ(Z2 × Z4) ∼= Z2 ⊂ Z2 × Z4

and

Sol(Z2 × Z4) : 1 ⊂ δ(Φ(Z2 × Z4)) ∼= Z2 × Z2 ⊂ Z2 × Z4,

respectively.

Remark. The lattice QSol(Z4×Z4) is a chain of length 2, too. So, we have
QSol(Z2×Z4) ∼= QSol(Z4×Z4). This shows that there exist non-isomorphic
finite groups G1 and G2 such that QSol(G1) ∼= QSol(G2). We also remark
that each of the following conditions QSol(G1) ∼= QSol(G2) or Sol(G1) ∼=
Sol(G2) is not sufficient to assure the lattice isomorphism L(G1) ∼= L(G2).

Corollary 10. The lattice QSol(G) associated to a finite abelian group G is
a direct product of chains, and therefore it is decomposable and distributive.

The properties of the lattice QSol(G) in Corollary 10 are also satisfied
by other classes of finite groups G. One of them, which is closely connected
to abelian groups, is the class of hamiltonian groups, that is the finite non-
abelian groups all of whose subgroups are normal. Such a group H can be
written as the direct product of the quaternion group

Q8 = 〈x, y | x4 = y4 = 1, yxy−1 = x−1〉,

an elementary abelian 2-group and a finite abelian group A of odd order,
that is

H ∼= Q8 × Zn2 × A.
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Since Q8×Zn2 and A are of coprime orders, the structure of QSol(H) can be
completely described in view of the above results.

Corollary 11. Let H ∼= Q8 × Zn2 × A be a finite hamiltonian group. Then
the lattice QSol(H) is distributive. More precisely, it possesses a direct de-
composition of type

QSol(H) ∼= QSol(Q8 × Zn2 )×QSol(A),

where QSol(Q8 × Zn2 ) is a chain of length 3 and QSol(A) is a direct product
of chains.

As show our previous examples, the lattices Sol(G) and QSol(G) asso-
ciated to an arbitrary finite group G are distinct, and this remark remains
also valid even for finite abelian groups. So, the following question is natu-
ral: which are the finite abelian groups G satisfying Sol(G)= QSol(G)? By
Theorem 9, for an abelian p-group G ∼=

∏k
i=1 Zpαi this equality holds if and

only if the Frattini series and the dual Frattini series of G coincide, that is
α1 = α2 = ... = αk. Clearly, this leads to the following result.

Corollary 12. Let G be a finite abelian group. Then Sol(G)=QSol(G) if
and only if every Sylow subgroup of G is of type

∏k
i=1 Zpα for some positive

integer α.

Finally, Theorem 9 can be used to determine the finite groups that are
quotient solitary free. We already know that such a group G is either perfect
or abelian. Note that we were unable to give a precise description of quotient
solitary free perfect groups. For an abelian group G, it is clear that QSol(G)
becomes a chain of length 1 if and only if G is elementary abelian. Hence
the following theorem holds.

Theorem 13. If a finite group is quotient solitary free, then it is perfect or
elementary abelian. In particular, a finite nilpotent group is quotient solitary
free if and only if it is elementary abelian.

2.1.4 L-free groups and almost L-free groups

An important concept of subgroup lattice theory has been introduced by
Schmidt [77]. Given a lattice L, a group G is said to be L-free if L(G) has
no sublattice isomorphic to L. Interesting results about L-free groups have
been obtained for several particular lattices L, as for the diamond lattice M5.

Theorem 1 (Schmidt [77]). A group G is M5-free if and only if it is locally
cyclic.
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L-free groups, where L is a lattice with 6, 7 and 10 elements, have been
also studied in [77] and [78].

Clearly, for a finite group G the above concept leads to the more general
problem of counting the number of sublattices of L(G) that are isomorphic
to a certain lattice (see e.g. [124] and [125]). Following this direction, our
next definition is very natural.

Definition 2. Let L be a lattice. A group G is called almost L-free if its
subgroup lattice L(G) contains a unique sublattice isomorphic to L.

Remark that both the Klein’s group Z2×Z2 and the quaternion group Q8

are almost M5-free. The main theorem of [111] proves that these two groups
exhaust all finite almost M5-free groups.

Theorem 3. Let G be a finite almost M5-free group. Then either G ∼= Z2×Z2

or G ∼= Q8.

First of all, we prove Theorem 3 for p-groups.

Lemma 4. Let G be a finite almost M5-free p-group for some prime p. Then
p = 2 and we have either G ∼= Z2 × Z2 or G ∼= Q8.

Proof. Let M be a minimal normal subgroup of G.
If there is N ∈ L(G) with |N | = p and N 6= M , then MN ∈ L(G) and

MN ∼= Zp × Zp. Obviously, Zp × Zp has more than one diamond for p ≥ 3.
So, we have p = 2 and we easily infer that G ∼= Z2 × Z2.

If M is the unique minimal subgroup of G, then by (4.4) of [88], II, G
is a generalized quaternion 2-group, that is there exists an integer n ≥ 3
such that G ∼= Q2n . If n ≥ 4, then G contains a subgroup H ∼= Q2n−1 and
therefore G/Φ(G) ∼= Z2 × Z2

∼= H/Φ(H). This shows that G has more than
one diamond, a contradiction. Hence n = 3 and G ∼= Q8, as desired.

We are now able to complete the proof of Theorem 3.

Proof of Theorem 3. We will proceed by induction on |G|. Let H be the
top of the unique diamond of G. We distinguish the following two cases.

Case 1. H = G.
We infer that every proper subgroup of G is M5-free and therefore cyclic.

Assume that G is not a p-group. Then the Sylow subgroups of G are cyclic.
If all these subgroups would be normal, then G would be the direct product
of its cyclic Sylow subgroups and hence it would be cyclic, a contradiction.
It follows that there is a prime q such that G has more than one Sylow q-
subgroup. Let S, T ∈ Sylq(G) with S 6= T . Since S and T are cyclic, S ∧ T
is normal in S ∨ T and the quotient S ∨ T/S ∧ T is not cyclic (because it
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contains two different Sylow q-subgroups). Hence S ∨T = G and G/S ∧T is
almost M5-free. If S∧T 6= 1, then the inductive hypothesis would imply that
G/S ∧T would be a 2-group (isomorphic to Z2×Z2 or to Q8), contradicting
the fact that it has two different Sylow q-subgroups. Thus S ∧ T = 1. This
shows that Sylq(G) ∪ {1, G} is a sublattice of L(G). Since G is almost M5-
free, one obtains |Sylq(G)| = 3. By Sylow’s theorem we infer that q = 2 and
|G : NG(S)| = 3. In this way, we can choose a 3-element x ∈ G \ NG(S).
It follows that X = 〈x〉 operates transitively on Sylq(G). Then for every
Q ∈ Sylq(G), we have Q ∨X ≥ Q ∨Qx = G and consequently Q ∨X = G.
On the other hand, we obviously have Q ∧ X = 1 because Q and X are of
coprime orders. So {1, S, T,X,G} is a second sublattice of L(G) isomorphic
to M5, contradicting our hypothesis. Hence G is a p-group and the conclusion
follows from Lemma 4.

Case 2. H 6= G.

By the inductive hypothesis we have either H ∼= Z2 × Z2 or H ∼= Q8.
We also infer that H is the unique Sylow 2-subgroup of G. Let p be an odd
prime dividing |G| and K be a subgroup of order p of G. Then HK is an
almost M5-free subgroup of G, which is not isomorphic to Z2 × Z2 or to Q8.
This shows that HK = G. Denote by np the number of Sylow p-subgroups
of G. If np = 1, then either G ∼= Z2 × Z2 × Zp or G ∼= Q8 × Zp . It is clear
that the subgroup lattices of these two direct products contain more than one
diamond, contradicting our assumption. If np 6= 1, then np ≥ p+1 ≥ 4 and so
we can choose two distinct Sylow p-subgroups K1 and K2. For H ∼= Z2×Z2

one obtains that L1 = {1, H,K1, K2, G} forms a diamond of L(G), which is
different from L(H), a contradiction. For H ∼= Q8 the same thing can be
said by applying a similar argument to the quotient G/H0, where H0 is the
(unique) subgroup of order 2 of G. This completes the proof.

In particular, Theorem 3 leads to the following nice characterization of
the quaternion group.

Corollary 5. Q8 is the unique finite non-abelian almost M5-free group.

Finally, we observe that for L = N5, the pentagon lattice, L-free groups
are in fact the modular groups, while there is no finite almost L-free group.
Indeed, if G would be such a group, then the subgroups that form the pen-
tagon of L(G) must be normal. In other words, the normal subgroup lattice
of G would not be modular, a contradiction.
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2.1.5 Subgroup lattices of ZM-groups

The structure of subgroup lattices and of normal subgroup lattices have been
completely determined for many classes of finite groups. In this section we
will describe them for ZM -groups, defined in Section 2.1.1. Our study is
based on the results in Calhoun’s paper [21] and in [118].

First of all, we recall that a ZM -group is a finite group all of whose Sylow
subgroups are cyclic. Moreover, such a group is of type

ZM(m,n, r) = 〈a, b | am = bn = 1, b−1ab = ar〉,

where the triple (m,n, r) satisfies the conditions

gcd(m,n) = gcd(m, r − 1) = 1 and rn ≡ 1 (mod m).

The subgroup structure of L(ZM(m,n, r)) is presented in the following (for
more details, see [21]). Set

L =

{
(m1, n1, s) ∈ IN3 | m1 | m, n1 | n, s < m1, m1 | s

rn − 1

rn1 − 1

}
.

Then there is a bijection between L and L(ZM(m,n, r)), namely the function
that maps a triple (m1, n1, s) ∈ L into the subgroup H(m1,n1,s) of ZM(m,n, r)
defined by

H(m1,n1,s) =

n
n1⋃
k=1

α(n1, s)
k〈am1〉 = 〈am1 , α(n1, s)〉,

where α(x, y) = bxay, for all 0 ≤ x < n and 0 ≤ y < m. Remark also that
we have |H(m1,n1,s)| = mn

m1n1
, for any s satisfying (m1, n1, s) ∈ L.

The normal subgroup structure of ZM(m,n, r) has been determined in
[118].

Theorem 1. The normal subgroup lattice N(ZM(m,n, r)) of ZM(m,n, r)
consists of all subgroups

H(m1,n1,s) ∈ L(ZM(m,n, r)) with (m1, n1, s) ∈ L′,

where

L′ =
{

(m1, n1, s) ∈ IN3 | m1 | gcd(m, rn1 − 1), n1 | n, s = 0
}
⊆ L .
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Proof. We observe first that we have

α(x1, y1)α(x2, y2) = α(x1 + x2, r
x2y1 + y2).

This leads to

α(x, y)k = bkxay
rkx−1
rx−1 , for all k ∈ Z, and α(x, y)−1 = α(−x,−r−xy).

Since

α(x, y)−1α(n1, s)α(x, y) = α(n1, tx,y), where tx,y = −rn1y + rxs+ y,

one obtains

H
α(x,y)
(m1,n1,s)

= α(x, y)−1H(m1,n1,s)α(x, y)=

=

n
n1⋃
k=1

α(x, y)−1α(n1, s)
kα(x, y)−1〈am1〉 =

=

n
n1⋃
k=1

(
α(x, y)−1α(n1, s)α(x, y)

)k 〈am1〉 =

=

n
n1⋃
k=1

α(n1, tx,y)
k〈am1〉 = H(m1,n1,tx,y)

with the convention that tx,y is possibly replaced by tx,y mod m1. Then
H(m1,n1,s) is normal in ZM(m,n, r) if and only if we have tx,y ≡ s (mod m1),
or equivalently

m1 | s(rx − 1)− y(rn1 − 1),

for all 0 ≤ x < n and 0 ≤ y < m. By taking x = 0 in the above relation,
it follows that m1 | y(rn1 − 1), for all 0 ≤ y < m, and so m1 | rn1 − 1.
We get m1 | s(rx − 1), for all 0 ≤ x < n. By putting x = 1 and using the
equality gcd(m, r − 1)=1, it results m1 | s. But s < m1, therefore s = 0.
Hence we have proved that the subgroup H(m1,n1,s) is normal if and only if
m1 | gcd(m, rn1 − 1) and s = 0, as desired.

We infer that, for every m1|m and n1|n, ZM(m,n, r) has at most one nor-
mal subgroup of order mn

m1n1
. In this way, all normal subgroups of ZM(m,n, r)

are characteristic. In particular, Theorem 1 allows us to count them.
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Corollary 2. The following equality holds:

(1) |N(ZM(m,n, r))| =
∑
n1|n

τ(gcd(m, rn1 − 1)).

In the following we will denote by d the multiplicative order of r modulo
m, that is

d = min {k ∈ IN∗ | rk ≡ 1 (mod m)}.

Clearly, the sum in the right side of (1) depends on d. For m or n primes,
this sum can be easily computed.

Corollary 3. If m is a prime, then

(2) |N(ZM(m,n, r))| = τ(n) + τ(
n

d
),

while if n is a prime, then

(3) |N(ZM(m,n, r))| = τ(m) + 1.

Notice that the number of normal subgroups of the dihedral group D2m

with m odd can be obtained from (3), by taking n = 2.
Next we will focus on finding the triples (m,n, r) for whichN(ZM(m,n, r))

becomes a chain.

Theorem 4. The normal subgroup lattice N(ZM(m,n, r)) of ZM(m,n, r)
is a chain if and only if either m = 1 and n is a prime power, or both m and
n are prime powers and gcd(m, rk − 1) = 1 for all 1 ≤ k < n.

Proof. Suppose first that N(ZM(m,n, r)) is a chain. Then ZM(m,n, r) is
a monolithic group, that is it possesses a unique minimal normal subgroup.
By Theorem 5.9 of [62], it follows that either m = 1 and n is a prime power,
or m is a prime power and rk 6≡ 1 (mod m) for all 1 ≤ k < n. On the other
hand, we observe that N(ZM(m,n, r)) contains the sublattice

L1 =
{
H(1,n1,0) | n1| n

}
,

which is isomorphic to the lattice of all divisors of n. Thus n is a prime
power, too. In order to prove the last assertion, let us assume that

gcd(m, rk − 1) = m1 6= 1
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for some 1 ≤ k < n and consider k to be minimal with this property. It
follows that k|n. Then the subgroup H(m1,k,0) belongs to N(ZM(m,n, r)),
but it is not comparable to H(1,n,0) = ZM(m,n, r)′, a contradiction.

Conversely, if the triple (m,n, r) satisfies one of the conditions in Theorem
4, then N(ZM(m,n, r)) is either a chain of length v for m = 1 and n = qv

(q prime), namely

H(1,qv ,0) ⊂ H(1,qv−1,0) ⊂ · · · ⊂ H(1,1,0),

or a chain of length u+ v, for m = pu and n = qv (p, q primes), namely

H(pu,qv ,0) ⊂ H(pu−1,qv ,0) ⊂ · · · ⊂ H(1,qv ,0) ⊂ H(1,qv−1,0) ⊂ · · · ⊂ H(1,1,0).

This completes the proof.

We remark that Theorem 4 also gives a method to construct finite (both
abelian and non-abelian) groups whose lattices of normal subgroups are
chains of prescribed lengths.

2.1.6 CLT -groups and non-CLT -groups

Many integer valued functions can be defined on the subgroup lattice of a
finite group G of order n. One of them is the subgroup order function

ord : L(G) −→ Ln, H 7→ |H|, ∀H ∈ L(G),

where Ln denotes the lattice of divisors of n. Several classes of finite groups
can be characterized by basic properties of ord. For example, cyclic groups
are the unique groups for which ord is injective or a (semi)lattice homomor-
phism, while nilpotent groups are the unique groups for which the restriction
of ord to N(G) is surjective.

In the following we will investigate the surjectivity of ord. A finite group
G is said to be CLT if its associated subgroup order function is surjec-
tive (that is, G satisfies the Converse of Lagrange’s Theorem) and non-CLT
otherwise. It is well-known that CLT groups are solvable (see [60]) and that
supersolvable groups are CLT (see [59]). Recall also that the inclusion be-
tween the classes of CLT groups and solvable groups, as well as the inclusion
between the classes of supersolvable groups and CLT groups are proper (see,
for example, [19]).

An important class of solvable groups, which are not necessarily super-
solvable, consists of the groups of order pαqβ with p, q primes and α, β ∈ N.
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So, a natural question is whether such a group is CLT . The Baskaran’s pa-
pers [7] and [8] answer this question for the particular cases α = 1, β = 2 and
α = β = 2, respectively. The case α = 1, β = 3 has been treated in [113].
Its main theorem gives necessary and sufficient conditions to exist non-CLT
groups of order pq3 and describes the structure of these groups.

Theorem 1. Let p and q be two primes. Then there exists a non-CLT
group of order pq3 if and only if either p divides q+ 1 or p divides q2 + q+ 1.
Moreover, excepting the case p = 3, q = 2 in which one obtains a unique
non-CLT group, namely SL(2, 3), all non-CLT groups of order pq3 are non-
trivial semidirect products of a normal subgroup H ∼= Z3

q or H ∼= E(q3) by a
subgroup K ∼= Zp.
Proof. Let G be a non-CLT group of order pq3. Since supersolvable groups
are CLT , we easily infer that:

– p 6= q;

– G has no normal Sylow p-subgroup;

– q 6≡ 1 (mod p).

Then the number np of Sylow p-subgroups of G must be q2 or q3. On the
other hand, Theorem 1.32 of [45] shows that G possesses a normal Sylow
q-subgroup, except when |G| = 24.

Case 1. |G| = 24
In this case, by investigating the 15 types of groups of order 24, we deduce
that the only possibility is G ∼= SL(2, 3) (this is non-CLT because it has no
subgroup of order 12).

Case 2. |G| 6= 24
In this case G is a non-trivial semidirect product of a normal subgroup H
of order q3 by a subgroup K of order p. Since the classification of groups of
order q3 depends on the parity of q, we distinguish the following two subcases.

Subcase 2.1. q = 2
The conditions np ∈ {4, 8} and np ≡ 1 (mod p) lead to p = 7, np = 8
and |G| = 56. Up to isomorphism, there is a unique group of order 56
without normal Sylow 7-subgroups, and the Sylow 2-subgroup of this group
is elementary abelian. Moreover, we can easily check that it does not possess
subgroups of order 28, i.e. it is indeed non-CLT .
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Subcase 2.2. q 6= 2

The groups of order q3 for q odd are either abelian, namely Zq3 , Zq×Zq2 and

Z3
q, or non-abelian, namely M(q3) = 〈x, y | xq2 = yq = 1, y−1xy = xq+1〉 and

E(q3) = 〈x, y | xq = yq = [x, y]q = 1, [x, y] ∈ Z(E(q3))〉. We observe that
we cannot have H ∼= Zq3 , because in this case G would be metacyclic and
therefore CLT . The number of automorphisms of the other four groups is:

– |Aut(Zq × Zq2)| = q3(q − 1)2,

– |Aut(Z3
q)| = q3(q − 1)(q2 − 1)(q3 − 1),

– |Aut(M(q3))| = q3(q − 1)2,

– |Aut(E(q3))| = q3(q − 1)2(q + 1).

Since there is a non-trivial homomorphism from K ∼= Zp to Aut(H), p must
divide |Aut(H)|, which implies that either H ∼= Z3

q or H ∼= E(q3). It is also
clear that one of the conditions p | q + 1 or p | q2 + q + 1 is verified.

Conversely, suppose first that p | q2 + q + 1. Then every non-trivial
semidirect product G of a normal elementary abelian subgroup of order q3

by a subgroup of order p is non-CLT . Indeed, if we assume that G possesses
a subgroup of order pq2, say G1, then there is a Sylow p-subgroup Sp of G
such that Sp ⊂ G1. By applying the Sylow’s theorems for G1, it follows that
Sp is normal in G1, that is G1 ⊆ NG(Sp). This leads to NG(Sp) = G1 and
therefore q3 = np = |G : NG(Sp)| = |G : G1| = q, a contradiction.

Suppose next that p | q+ 1 and let G be a non-trivial semidirect product
of a normal subgroup isomorphic to E(q3) by a subgroup 〈a〉 of order p such
that a commutes with [x, y] (x and y denote the generators of E(q3), as
above). We will prove that G is non-CLT by showing again that it does
not possess subgroups of order pq2. If G1 is such a subgroup and Sp is a
Sylow p-subgroup of G contained in G1, then we can assume that Sp = 〈a〉.
On the other hand, it is obvious that 〈[x, y]〉 = Φ(〈x, y〉) ⊂ G1. Then G1

contains the commuting subgroups 〈a〉 ∼= Zp and 〈[x, y]〉 ∼= Zq. Consequently,
it has subgroups of order pq, i.e. it is CLT . By the main theorem of [7],
we deduce that G1 is necessarily abelian, which implies G1 ⊆ NG(Sp). As
in the first part of this implication, one obtains NG(Sp) = G1 and hence
q2 = np = |G : NG(Sp)| = |G : G1| = q, a contradiction. This completes the
proof.
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An immediate consequence of Theorem 1 is given by the following corol-
lary.

Corollary 2. The unique non-CLT groups of order 8p with p prime are
SL(2, 3) and the group of order 56 described above.

Next, let G be a non-CLT group of order pq3 (p, q primes), Sq be a Sylow
q-subgroup of G andM be the set of subgroups of order q2 of Sq. We consider
the conjugation action of G on M and we choose a set of representatives
{H1, H2, ..., Hk} for the conjugacy classes. Clearly, we have Sq ⊆ NG(Hi),
∀ i = 1, k. On the other hand, every Hi is not normal in G because G does
not possess subgroups of order pq2. These prove that NG(Hi) = Sq and
therefore |G : NG(Hi)| = p, ∀ i = 1, k. Thus, we infer that p divides |M|.

Since the numbers of subgroups of order q2 of E(q3) and Z3
q are q + 1

and q2 + q + 1, respectively, the above remark shows that Theorem 1 can be
reformulated in the following way for q 6= 2.

Corollary 3. Given two primes p and q, with q 6= 2, the following statements
are true:

(a) There exists a non-CLT group of order pq3 having a Sylow q-subgroup
isomorphic to E(q3) if and only if p divides q + 1.

(b) There exists a non-CLT group of order pq3 having an elementary abelian
Sylow q-subgroup if and only if p divides q2 + q + 1.

Finally, we remark that a result similar with Corollary 3 also holds in the
case q = 2 (notice that the Sylow 2-subgroups of SL(2, 3) are isomorphic to
the well-known quaternion group Q8).

Corollary 4. Given a prime p, the following statements are true:

(a) There exists a non-CLT group of order 8p having a Sylow 2-subgroup
isomorphic to Q8 if and only if p = 3.

(b) There exists a non-CLT group of order 8p having an elementary abelian
Sylow 2-subgroup if and only if p = 7.
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2.2 Computational and probabilistic aspects

of subgroup lattices

2.2.1 Subgroup lattices of finite abelian groups

In this section we introduce and study a special type of lattices, the so-called
fundamental group lattices, that are strongly connected to the subgroup
lattices of finite abelian groups. They can successfully be used to solve several
problems concerning these groups (see [94, 102, 117]).

Fundamental group lattices

Let G be an abelian group of order n and L(G) be the subgroup lattice
of G. By the fundamental theorem of finitely generated abelian groups,
there exist (uniquely determined by G) the numbers k ∈ N∗, d1, d2, ..., dk ∈
N \ {0, 1} satisfying d1|d2|...|dk, d1d2 · · · dk = n and

(1) G ∼=
k∏
i=1

Zdi .

This decomposition of a finite abelian group into a direct product of cyclic
groups together with the form of subgroups of Zk (see Lemma 2.1, § 2.1, [94])
leads us to the concept of fundamental group lattice, defined in the following
manner:

Let k≥1 be a natural number. Then, for each (d1, d2, ..., dk) ∈ (N\{0, 1})k,
we consider the set L(k;d1,d2,...,dk) consisting of all matrices A = (aij) ∈Mk(Z)
which have the following properties:

(i) aij = 0, for any i > j,

(ii) 0 ≤ a1j, a2j, ..., aj−1j < ajj, for any j = 1, k,

(iii) 1) a11|d1,

2) a22|
(
d2, d1

a12
a11

)
,
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3) a33|
(
d3, d2

a23
a22

, d1

∣∣∣∣ a12 a13
a22 a23

∣∣∣∣
a22a11

)
,

...

k) akk|
(
dk, dk−1

ak−1k
ak−1 k−1

, dk−2

∣∣∣∣ ak−2 k−1 ak−2k
ak−1 k−1 ak−1k

∣∣∣∣
ak−1 k−1ak−2 k−2

, ...,

d1

∣∣∣∣∣∣∣
a12 a13 · · · a1k
a22 a23 · · · a2k
...

...
...0 0 · · · ak−1 k

∣∣∣∣∣∣∣
ak−1 k−1ak−2 k−2...a11

)
,

where by (x1, x2, ..., xm) we denote the greatest common divisor of the num-
bers x1, x2, ..., xm ∈ Z. On the set L(k;d1,d2,...,dk) we introduce the next partial
ordering relation (denoted by ≤), as follows: for A = (aij), B = (bij) ∈
L(k;d1,d2,...,dk), put A ≤ B if and only if the relations

1)′ b11|a11,

2)′ b22|
(
a22,

∣∣∣∣ a11 a12
b11 b12

∣∣∣∣
b11

)
,

3)′ b33|
(
a33,

∣∣∣∣ a22 a23
b22 b23

∣∣∣∣
b22

,

∣∣∣∣∣∣
a11 a12 a13
b11 b12 b13
0 b22 b23

∣∣∣∣∣∣
b22b11

)
,

...

k)′ bkk|
(
akk,

∣∣∣∣ ak−1 k−1 ak−1 k
bk−1 k−1 bk−1 k

∣∣∣∣
bk−1 k−1

,

∣∣∣∣∣∣
ak−2 k−2 ak−2 k−1 ak−2 k
bk−2 k−2 bk−2 k−1 bk−2 k
0 bk−1 k−1 bk−1 k

∣∣∣∣∣∣
bk−1 k−1bk−2 k−2

, ...,∣∣∣∣∣∣∣∣∣
a11 a12 · · · a1k
b11 b12 · · · b1k
...

...
...

0 0 · · · bk−1 k

∣∣∣∣∣∣∣∣∣
bk−1 k−1bk−2 k−2...b11

)
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hold. Then (L(k;d1,d2,...,dk),≤) is a complete modular lattice, which is called a
fundamental group lattice of degree k.

A powerful connection between this lattice and L(G) has been established
in [94].

Theorem 1. If G is a finite abelian group with the decomposition (1),
then its subgroup lattice L(G) is isomorphic to the fundamental group lat-
tice L(k;d1,d2,...,dk).

In order to study when two fundamental group lattices are isomorphic
(that is, when two finite abelian groups are lattice-isomorphic), the following
notation is useful. Let di, d

′
i′ ∈ N \ {0, 1}, i = 1, k, i′ = 1, k′, such that

d1|d2|...|dk and d′1|d′2|...|d′k′ . Then we will write

(d1, d2, ..., dk) ∼ (d′1, d
′
2, ..., d

′
k′)

whenever the next three conditions are satisfied:

(a) k = k′.

(b) di = d′i, i = 1, k − 1.

(c) The sets π(dk)\π

(
k−1∏
i=1

di

)
and π(d′k)\π

(
k−1∏
i=1

d′i

)
have the same number

of elements, say r. Moreover, for r = 0 we have dk = d′k and for r ≥ 1,

by denoting π(dk) \ π

(
k−1∏
i=1

di

)
= {p1, p2, ..., pr}, π(d′k) \ π

(
k−1∏
i=1

d′i

)
=

{q1, q2, ..., qr}, we have

dk
d′k

=
r∏
j=1

(
pj
qj

)sj
,

where sj ∈ N∗, j = 1, r.

Under this notation, in [94] we have obtained the following theorem.

Theorem 2. Two fundamental group lattices L(k;d1,d2,...,dk) and L(k′;d′1,d
′
2,...,d

′
k′ )

are isomorphic if and only if (d1, d2, ..., dk) ∼ (d′1, d
′
2, ..., d

′
k′).

We remark that the above results allow us to translate all problems re-
garding the subgroups of G on L(k;d1,d2,...,dk). This technique will be used in
what follows.
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Moreover, if n = pn1
1 p

n2
2 ...p

nm
m is the decomposition of n as a product of

prime factors and

(2) G ∼=
m∏
i=1

Gi

is the corresponding primary decomposition of G, then it is well-known that
we have

(3) L(G) ∼=
m∏
i=1

L(Gi).

The above lattice isomorphism shows that it suffices to deal only with finite
abelian p-groups. In this way, we need to investigate only fundamental group
lattices of type L(k;pα1 ,pα2 ,...,pαk ), where p is a prime and 1 ≤ α1 ≤ α2 ≤ ... ≤
αk. Concerning these lattices, the following elementary remarks will be very
useful:

(a) The order of the subgroup of
∏k

i=1 Zpαi corresponding to the matrix

A = (aij) ∈ L(k;pα1 ,pα2 ,...,pαk ) is

p

k∑
i=1

αi

k∏
i=1

aii

·

(b) The subgroup of
∏k

i=1 Zpαi corresponding to the matrix

A = (aij) ∈ L(k;pα1 ,pα2 ,...,pαk ) is cyclic if and only if 〈(01
, 0

2
, ..., ākkk)〉 ⊆

〈(01
, 0

2
, ..., āk−1k−1 k−1, ā

k
k−1 k)〉 ⊆ · · · ⊆ 〈(ā111ā212, ..., āk1k)〉, where, for

every i = 1, k, we denote by x̄i the image of an element x ∈ Z through
the canonical homomorphism: Z→ Zpαi .

(c) If A = (aij) is an element of L(k;pα1 ,pα2 ,...,pαk ), then the linear system

A>


x1
x2
...
xk

 =


pα1

pα2

...
pαk


admits solutions in Zk.
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Projectivities between finite abelian groups

There exist large classes of non-isomorphic finite abelian groups whose
lattices of subgroups are isomorphic. Simple examples of such groups are
easily obtained by using Theorem 2:

1. G = Z6 and H = Z10 (cyclic groups),

2. G = Z2 × Z6 and H = Z2 × Z10 (non-cyclic groups).

Moreover, Theorem 2 allows us to find a subclass of finite abelian groups
which are determined by their subgroup lattices.

Theorem 3. Let G and H be two finite abelian groups such that one of them

possesses a decomposition of type (1) with π(dk) = π

(
k−1∏
i=1

di

)
. Then G ∼= H

if and only if L(G) ∼= L(H).

Next we will focus on isomorphisms between the subgroup lattices of the
direct n-powers of two finite abelian groups, for n ≥ 2. An alternative proof
of the following well-known result can be also inferred from Theorem 2.

Theorem 4. Let G and H be two finite abelian groups. Then G ∼= H if and
only if L(Gn) ∼= L(Hn) for some integer n ≥ 2.

Proof. Let G ∼=
∏k

i=1 Zdi and H ∼=
∏k′

i=1 Zd′i be the corresponding decom-
positions (1) of G and H, respectively, and assume that L(Gn) ∼= L(Hn) for
some integer n ≥ 2. Then the fundamental group lattices

L
(k; d1, d1, ..., d1︸ ︷︷ ︸

n factors

,...,dk, dk, ..., dk︸ ︷︷ ︸
n factors

)
and L

(k′; d′1, d
′
1, ..., d

′
1︸ ︷︷ ︸

n factors

,...,d′k′ , d
′
k′ , ..., d

′
k′︸ ︷︷ ︸

n factors

)

are isomorphic. By Theorem 2, one obtains

(d1, d1, ..., d1︸ ︷︷ ︸
n factors

, ..., dk, dk, ..., dk︸ ︷︷ ︸
n factors

) ∼ (d′1, d
′
1, ..., d

′
1︸ ︷︷ ︸

n factors

, ..., d′k′ , d
′
k′ , ..., d

′
k′︸ ︷︷ ︸

n factors

)

and therefore k = k′ and di = d′i, for all i = 1, k. These equalities show that
G ∼= H, which completes the proof.

Clearly, two finite abelian groups G and H satisfying L(Gm) ∼= L(Hn) for
some (possibly different) integers m,n ≥ 2 are not necessarily isomorphic.
Nevertheless, a lot of conditions of this type can lead to G ∼= H, as shows
the following theorem.
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Theorem 5. Let G and H be two finite abelian groups. Then G ∼= H if and
only if there are the integers r ≥ 1 and m1,m2, ...,mr, n1, n2, ..., nr ≥ 2 such
that (m1,m2, ...,mr) = (n1, n2, ..., nr) and L(Gmi) ∼= L(Hni), for all i = 1, r.

Proof. Suppose that G and H have the decompositions in the proof of The-
orem 4. For every i = 1, 2, ..., r, the lattice isomorphism L(Gmi) ∼= L(Hni)
implies that kmi = k′ni, in view of Theorem 2. Set d = (m1,m2, ...,mr).

Then d =
r∑
i=1

αimi for some integers α1, α2, ..., αr, which leads to

kd = k
r∑
i=1

αimi =
r∑
i=1

αikmi =
r∑
i=1

αik
′ni = k′

r∑
i=1

αini.

Since d |ni, for all i = 1, r, we infer that k′ |k. In a similar manner one
obtains k |k′, and thus k = k′. Hence mi = ni and the group isomorphism
G ∼= H follows from Theorem 4.

The number of subgroups of finite abelian groups

One of the most important computational problems of abelian group the-
ory is to determine the number of subgroups of a finite abelian group. This
topic has enjoyed a constant evolution starting with the first half of the 20th

century. Since a finite abelian group is a direct product of abelian p-groups,
this counting problem is reduced to p-groups. Formulas which give the num-
ber of subgroups of type µ of a finite p-group of type λ were established by
Delsarte [28], Djubjuk [29] and Yeh [141]. An excellent survey on this subject
together with connections to symmetric functions was written by Butler [20]
in 1994. Another way to find the total number of subgroups of finite abelian
p-groups is presented in [25] and applied for rank two p-groups, as well as for
elementary abelian p-groups. Also, recall here the paper [9] which gives an
explicit formula for the number of subgroups in a finite abelian p-group by
using divisor functions of matrices.

As we have seen above, in order to determine the number of subgroups of
finite abelian groups we can reduce the study to p-groups and our problem
is equivalent to the counting of elements of the fundamental group lattice
L(k;pα1 ,pα2 ,...,pαk ). This consists of all matrices of integers A = (aij)i,j=1,k

satisfying the conditions:
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(∗)



(i) aij = 0, for any i > j,

(ii) 0 ≤ a1j, a2j, ..., aj−1j < ajj, for any j = 1, k,

(iii) 1) a11|pα1 ,

2) a22|
(
pα2 , pα1

a12
a11

)
,

3) a33|
(
pα3 , pα2

a23
a22

, pα1

∣∣∣∣ a12 a13
a22 a23

∣∣∣∣
a22a11

)
,

...

k) akk|
(
pαk , pαk−1

ak−1k
ak−1 k−1

, pαk−2

∣∣∣∣ ak−2 k−1 ak−2k
ak−1 k−1 ak−1k

∣∣∣∣
ak−1 k−1ak−2 k−2

, ...,

pα1

∣∣∣∣∣∣∣∣∣
a12 a13 · · · a1k
a22 a23 · · · a2k
...

...
...

0 0 · · · ak−1 k

∣∣∣∣∣∣∣∣∣
ak−1 k−1ak−2 k−2...a11

)
.

An explicit formula for |L(k;pα1 ,pα2 ,...,pαk )|, and consequently for |L(
∏k

i=1 Zpαi )|,
can be easily obtained in the particular case α1 = α2 = · · · = αk = 1.

Proposition 6. For α ∈ {0, 1, ..., k}, the number of all subgroups of order
pk−α in the finite elementary abelian p-group Zkp is 1 if α = 0 or α = k, and∑
1≤i1<i2<...<iα≤k

pi1+i2+...+iα−
α(α+1)

2 if 1 ≤ α ≤ k − 1. In particular, the total

number of subgroups of Zkp is 2 +
k−1∑
α=1

∑
1≤i1<i2<...<iα≤k

pi1+i2+...+iα−
α(α+1)

2 .

In the general case, our method gives an immediate result in counting the
maximal subgroups of

∏k
i=1 Zpαi . We know that such a subgroup corresponds

to a matrix A = (aij) ∈ L(k;pα1 ,pα2 ,...,pαk ) satisfying
∏k

i=1 aii = p. Then aii = p
for some i ∈ {1, 2, ..., k} and ajj = 1 for all j 6= i. From the condition (ii)
of (∗) we get a1j = a2j = · · · = aj−1j = 0, for all j 6= i. Remark also that
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the condition (iii) is satisfied and thus the elements a1i, a2i, ..., ai−1i can be
chosen arbitrarily from the set {0, 1, ..., p−1}. Therefore we have pi−1 distinct
solutions of the system (∗). Summing up these quantities for i = 1, 2, ..., k,
we determine the number of maximal subgroups of the finite abelian p-group∏k

i=1 Zpαi .

Proposition 7. The number of maximal subgroups of
∏k

i=1 Zpαi is
pk − 1

p− 1
.

Next, we return to the problem of finding the total number of subgroups
of
∏k

i=1 Zpαi . We will apply our method for rank two abelian p-groups, i.e.
when k = 2 (clearly, it can be extended in a natural way for an arbitrary k).
Note also that the following theorem improves Proposition 2.9, § 2.2, [94],
by indicating the number of subgroups of a fixed order in such a group and
by giving a proof founded on fundamental group lattices.

Theorem 8. For every 0 ≤ α ≤ α1 + α2, the number of all subgroups of
order pα1+α2−α in the finite abelian p-group Zpα1 × Zpα2 is:

pα+1 − 1

p− 1
, if 0 ≤ α ≤ α1

pα1+1 − 1

p− 1
, if α1 ≤ α ≤ α2

pα1+α2−α+1 − 1

p− 1
, if α2 ≤ α ≤ α1 + α2.

In particular, the total number of subgroups of Zpα1 × Zpα2 is

1

(p−1)2
[
(α2−α1+1)pα1+2−(α2−α1−1)pα1+1−(α1+α2+3)p+(α1+α2 + 1)

]
.

Proof. Let A = (aij) be a solution of (∗) for k = 2, corresponding to
a subgroup of order pα1+α2−α. In this situation, the condition (iii) of (∗)
becomes

a11|pα1 and a22|
(
pα2 , pα1

a12
a11

)
.

Put a11 = pi, where 0 ≤ i ≤ α1. Then a22 = pα−i and so pα−i|(pα2 , pα1−ia12),
that is pα−i|pα1−i(pα2−α1+i, a12). If 0 ≤ α ≤ α1, we must have i ≤ α and the
above condition is satisfied by all a12 < pα−i. So, one obtains pα−i distinct
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solutions of (∗), which implies that the number of subgroups of order pα1+α2−α

in Zpα1 × Zpα2 is in this case

(4) S1(α) =
α∑
i=0

pα−i =
pα+1 − 1

p− 1
·

Suppose now that α1 ≤ α ≤ α2. Then pα1−α|(pα2−α1+i, a12) and thus a12 can
be any multiple of pα1−α in the set {0, 1, ..., pα−i−1}. It results pα1−i distinct
solutions of (∗) and the number of subgroups of order pα1+α2−α in Zpα1×Zpα2
is in this case

(5) S2(α) =

α1∑
i=0

pα1−i =
pα1+1 − 1

p− 1
·

Finally, assume that α2 ≤ α ≤ α1 + α2. We must have α1 − α ≤ α2 − α1 + i
and the number of distinct solutions of (∗) is again pα1−i. Thus the number
of subgroups of order pα1+α2−α in Zpα1 × Zpα2 is in this case

(6) S2(α) =

α1∑
i=α−α2

pα1−i =
pα1+α2−α+1 − 1

p− 1
·

By using the equalities (4), (5) and (6), one obtains the total number of
subgroups of Zpα1 × Zpα2 , namely

α1∑
α=0

S1(α) +

α2∑
α=α1+1

S2(α) +

α1+α2∑
α=α2+1

S3(α) =
1

(p− 1)2
[
(α2 − α1 + 1)pα1+2−

− (α2 − α1 − 1)pα1+1 − (α1 + α2 + 3)p+ (α1 + α2 + 1)] ,

which completes our proof.

In the following let us denote by fp(i, j) the number of all subgroups of
the finite abelian p-group Zpi × Zpj (i ≤ j), determined in Theorem 8. Note
that we have

fp(i, j) =

=
1

(p− 1)2
[
(j − i+ 1)pi+2 − (j − i− 1)pi+1 − (i+ j + 3)p+ (i+ j + 1)

]
=

= (j − i+ 1)pi + (j − i+ 3)pi−1 + · · ·+ (i+ j − 1)p+ (i+ j + 1).
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Put fp(i, j) = fp(j, i), for all i > j, and let n be a fixed positive integer and
Ap(n) be the matrix (fp(i, j))i,j=0,n. Then Ap(n) induces a quadratic form
n∑

i,j=0

fp(i, j)X
iY j. Because

detAp(n)=(p−1)pn−1 detAp(n−1),

by induction on n one easily obtains

detAp(n) = (p− 1)np
n(n−1)

2 , for any n ≥ 1.

Hence, we have proved the next two corollaries.

Corollary 9. The quadratic form
n∑

i,j=0

fp(i, j)X
iY j induced by the matrix

Ap(n) is positive definite, for all n ∈ N∗.
Corollary 10. All eigenvalues of the matrix Ap(n) are positive, for all
n ∈ N∗.

The number of cyclic subgroups of finite abelian groups

Another interesting application of fundamental group lattices is the coun-
ting of cyclic subgroups of finite abelian groups. First of all, we obtain this
number for a finite abelian p-group of rank 2. We know that the subgroup
of Zpα1 × Zpα2 determined by the matrix A = (aij) is cyclic if and only if

〈(01
, ā222)〉 ⊆ 〈(ā111, ā212)〉. This necessary and sufficient condition can be

rewritten in the following manner.

Lemma 11. The subgroup of Zpα1 × Zpα2 corresponding to the matrix A =

(aij) ∈ L(2;pα1 ,pα2 ) is cyclic if and only if a22 =

(
pα2 , pα1

a12
a11

)
.

Proof. If 〈(01
, ā222)〉 ⊆ 〈(ā111, ā212)〉, then we can choose an integer x such that

(0
1
, ā222) = x(ā111, ā

2
12). It results pα1 |xa11 and pα2|xa12 − a22, therefore there

exist y, z ∈ Z satisfying xa11 = ypα1 and xa12 − a22 = zpα2 . These equalities

imply that a22 = −zpα2 + ypα1
a12
a11

, which together with the condition 2) of

(iii) in (∗) show that a22 =

(
pα2 , pα1

a12
a11

)
·
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Conversely, suppose that a22 =

(
pα2 , pα1

a12
a11

)
· Then there are y, z ∈

Z with a22 = −zpα2 + ypα1
a12
a11
· Taking x = y

pα1

a11
∈ Z, we easily obtain

(0
1
, ā222) = x(ā111, ā

2
12) and so 〈(01

, ā222)〉 is contained in 〈(ā111, ā212)〉.
By using the above lemma, the problem of finding the number of cyclic

subgroups of Zpα1 × Zpα2 reduces to an elementary arithmetic exercise.

Theorem 12. For every 0 ≤ α ≤ α2, the number of cyclic subgroups of
order pα in the finite abelian p-group Zpα1 × Zpα2 is:

1, if α = 0

pα + pα−1, if 1 ≤ α ≤ α1

pα1 , if α1 < α ≤ α2.

In particular, the number of all cyclic subgroups of Zpα1 × Zpα2 is

2 + 2p+ · · ·+ 2pα1−1 + (α2 − α1 + 1)pα1 .

Proof. Denote by g2p(α) the number of cyclic subgroups of order pα in
Zpα1×Zpα2 and let A=(aij) ∈ L(2;pα1 ,pα2 ) be the matrix corresponding to such

a subgroup. Then a11|pα1 , a22=

(
pα2 , pα1

a12
a11

)
and a11a22=p

α1+α2−α. Taking

a11=p
i with 0 ≤ i ≤ α1, we obtain

a22 = pα1+α2−α−i = (pα2 , pα1−ia12) = pα1−i(pα2−α1+i, a12),

which implies that

(7) pα2−α =
(
pα2−α1+i, a12

)
.

Clearly, for α = 0 it results a11 = pα1 , a22 = pα2 , a12 = 0, and thus

(8) g2p(0) = 1.

For 1 ≤ α ≤ α1 we must have α1 − α ≤ i. If i = α1 − α, the condition
(7) is equivalent to pα2−α|a12, therefore a12 can be chosen in pα ways. If
α1 − α + 1 ≤ i, (7) is equivalent to

pα2−α|a12 and pα2−α+1 - a12.
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There are pα1−i−pα1−i−1 elements of the set {0, 1, ..., pα1+α2−α−i} which satisfy
the previous relations. So, one obtains

(9) g2p(α) = pα +

α1∑
i=α1−α+1

(
pα1−i − pα1−i−1

)
= pα + pα−1, for 1 ≤ α ≤ α1.

Mention that if α1 < α ≤ α2, then the condition α1 − α ≤ i is satisfied by
all i = 1, α1, and hence

(10) g2p(α) =

α1∑
i=0

(
pα1−i − pα1−i−1

)
= pα1 , for α1 < α ≤ α2.

Now, the equalities (8)-(10) give us the total number of cyclic subgroups of
Zpα1 × Zpα2 , namely

1 +

α1∑
α=1

(
pα + pα−1

)
+

α2∑
α=α1+1

pα1 =

=
1

p− 1

[
(α2 − α1 + 1)pα1+1 − (α2 − α1 − 1)pα1 − 2

]
=

= 2 + 2p+ · · ·+ 2pα1−1 + (α2 − α1 + 1)pα1

and our proof is finished.

The above method can be used for an arbitrary k > 2, too. In order to
do this we need to remark that

g2p(α) =
pαh1p(α)− pα−1h1p(α− 1)

pα − pα−1
, for all α 6= 0,

where

h1p(α) =

{
pα, if 0 ≤ α ≤ α1

pα1 , if α1 ≤ α.

This equality extends to the general case in the following way.

Theorem 13. For every 1 ≤ α ≤ αk, the number of cyclic subgroups of
order pα in the finite abelian p-group

∏k
i=1 Zpαi is

gkp(α) =
pαhk−1p (α)− pα−1hk−1p (α− 1)

pα − pα−1
,
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where

hk−1p (α) =


p(k−1)α, if 0 ≤ α ≤ α1

p(k−2)α+α1 , if α1 ≤ α ≤ α2
...
pα1+α2+...+αk−1 , if αk−1 ≤ α.

Note that gkp(0) = 1 and the number of all cyclic subgroups of
∏k

i=1 Zpαi
can be easily determined from Theorem 13. Since the numbers of cyclic
subgroups and of elements of a given order in a finite abelian p-group are
closely connected (through the well-known Euler’s function ϕ), we also infer
the following consequence of Theorem 13.

Corollary 14. The number of all elements of order pα, 1 ≤ α ≤ αk, in the
finite abelian p-group

∏k
i=1 Zpαi is

gkp(α)ϕ(pα) = gkp(α)
(
pα − pα−1

)
= pαhk−1p (α)− pα−1hk−1p (α− 1).

As we have seen above, counting the subgroups of finite abelian groups
can be reduced to p-groups. The same thing can be also said for cyclic
subgroups and for elements of a given order in an arbitrary finite abelian
group G. Suppose that G has a primary decomposition of type (2). Then
every cyclic subgroup H of order pα1

1 p
α2
2 ...p

am
m of G can be uniquely written

as a direct product
∏m

i=1Hi, where Hi is a cyclic subgroup of order pαii of
Gi, i = 1, 2, ...,m. This remark leads to the following result, that generalizes
Theorem 13 and Corollary 14.

Corollary 15. Under the previous hypotheses, for every (α1, α2, ..., αm) ∈
Nm with αi ≤ ni, i = 1, 2, ...,m, the number of cyclic subgroups (respectively
of elements) of order pα1

1 p
α2
2 ...p

αm
m in G is

m∏
i=1

gkipi (αi)

(respectively
m∏
i=1

gkipi (αi)ϕ(pαii )),

where ki denotes the number of direct factors of Gi, i = 1, 2, ...,m.
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The number of maximal chains of subgroups of finite abelian groups

Let G be a finite abelian group of order n = pn1
1 p

n2
2 ...p

nm
m with a primary

decomposition of type (2). In the following we will focus on computing
the number n(G) of all maximal chains of subgroups of G. Notice that
this problem can be treated even for more large classes of groups, as finite
nilpotent groups (see [89]). Our key result follows immediately from the
lattice isomorphism (3).

Theorem 16. The numbers n(G) and n(Gi), i = 1, 2, ...,m, are connected
by the equality

n(G) =

(
n1 + n2 + ...+ nm
n1, n2, ..., nm

) m∏
i=1

n(Gi),

where (
n1 + n2 + ...+ nm
n1, n2, ..., nm

)
=

(n1 + n2 + ...+ nm)!

n1!n2!...nm!

is the well-known multinomial coefficient.

If the group G is cyclic, then so is each Gi and we have n(Gi) = 1, for all
i = 1, 2, ...,m. Consequently, the following corollary holds.

Corollary 17. The number of maximal chains of subgroups of the finite
cyclic group Zn is(

n1 + n2 + ...+ nm
n1, n2, ..., nm

)
=

(n1 + n2 + ...+ nm)!

n1!n2!...nm!
.

On the other hand, Theorem 16 shows that we can deal only with finite
abelian p-groups. Clearly, the number of maximal chains of subgroups (that
is, of principal series) of such a group G ∼=

∏k
i=1 Zpαi , 1 ≤ α1 ≤ α2 ≤ ... ≤ αk,

is an integer valued function that depends on p and on α1, α2, ..., αk, say
fp(α1, α2, ...αk). Remark also that, for a fixed p, this function is symmetric
in α1, α2, ..., αk. In what follows we will determine it explicitly in several
particular casses.

Obviously, if k = 1 we have fp(α1) = 1. For k = 2, a recurrence relation
has been used in [89] to compute fp(α1, α2). It is based on the fact that
Zpα1×Zpα2 has p+ 1 maximal subgroups: p isomorphic to Zpα1−1 ×Zpα2 and
one isomorphic to Zpα1 × Zpα2−1 .
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Lemma 18. The number fp(α1, α2) of maximal chains of subgroups of the
direct product Zpα1× Zpα2 satisfies the recurrence relation

(11) fp(α1, α2) = pfp(α1 − 1, α2) + fp(α1, α2 − 1), for all 1 ≤ α1 ≤ α2.

The solution of (11) has been obtained by a direct calculation in Propo-
sition 3.2 of [89] (for an alternative proof, see Theorem C of [103]).

Theorem 19. We have

fp(α1, α2) = 1 +

α1∑
i=1

[(
α1+α2

i

)
−
(
α1+α2

i−1

)]
pi, for all 1 ≤ α1 ≤ α2.

The following result extends Lemma 18 in the general case when k ≥ 3.

Lemma 20. The number fp(α1, α2, ..., αk) of maximal chains of subgroups

of the direct product
∏k

i=1 Zpαi satisfies the recurrence relation

fp(α1,α2, ...,αk)=
k∑
i=1

pk−ifp(α1, ..., αi−1, ..., αk), for all 1≤α1≤α2≤ ...≤αk.

Remark. By Lemma 20, we infer that fp(α1, α2, ..., αk) is a polynomial in p
of degree (k−1)α1+(k−2)α2+ ...+αk−1. Moreover, we observe that the sum
f(α1, α2, ..., αk) of all coefficients of fp(α1, α2, ..., αk) satisfies the recurrence
relation

f(α1, α2, ..., αk) =
k∑
i=1

f(α1, ..., αi−1, ..., αk),

which leads to

f(α1, α2, ..., αk) =

(
α1 + α2 + ...+ αk
α1, α2, ..., αk

)
.

Unfortunately, we were not able to solve the recurrence relation in Lemma
20, but explicit expressions of fp(α1,α2, ...,αk) can be obtained for certain
particular values of α1, α2, ..., αk. We exemplify this with the case α1 = α2 =
... = αk = 1, i.e. for elementary abelian p-groups.
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Theorem 21. The number of maximal chains of subgroups of the finite
elementary abelian p-group Zkp is

1

(p− 1)k

k∏
i=1

(pi − 1) .

2.2.2 Subgroup lattices of finite hamiltonian groups

Hamiltonian groups, that is finite non-abelian groups all of whose subgroups
are normal, determine one of the most interesting class of finite group. The
structure of such a group H is well-known: it can be written as the direct
product of the quaternion group Q8 = 〈x, y | x4 = y4 = 1, yxy−1 = x−1〉, an
elementary abelian 2-group and a finite abelian group A of odd order, i.e.

(1) H ∼= Q8 × Zn2 × A.

Since Q8 × Zn2 and A have relatively prime orders, this leads to a similar
decomposition of the subgroup lattice L(H) of H, namely

(2) L(H) ∼= L(Q8 × Zn2 )× L(A).

According to the above direct decompositions, several combinatorial pro-
blems related to abelian groups can naturally be extended to hamiltonian
groups (see [120]). Their study is the main goal of this section.

The lattice of subgroups of a finite hamiltonian group

First of all, we determine explicitly the number of elements of a given
order in a finite hamiltonian group. It depends essentially by the similar one
computed for a finite abelian group in Corollary 4.5 of [102].

Theorem 1. Let H = Q8×Zn2 ×A be a finite hamiltonian group. Then, for
every divisor d of |A|, H possesses:

(a) ed(A) elements of order d,

(b) (2n+1 − 1)ed(A) elements of order 2d,

(c) 3 · 2n+1ed(A) elements of order 4d,



60 marius tărnăuceanu

where ed(A) denotes the number of elements of order d in A.

Proof. Fix a divisor d of |A|. Since d is odd, the elements of order d of
H = Q8 × Zn2 × A are of the form (1, 0̂, a) (where 1 denotes the identity of
Q8) with o(a) = d in A. This proves (a). An element (x, y, a) ∈ H is of order
2d if and only if o(x, y) = 2 in Q8 × Zn2 and o(a) = d in A. We can directly
see that the number of elements of order 2 in Q8 × Zn2 is 2n+1 − 1, proving
(b). We remark that o(x, y, a) = 4d if and only if o(x) = 4 in Q8, y ∈ Zn2
is arbitrary and o(a) = d in A. Clearly, (c) follows immediately because Q8

possesses six elements of order 4.

Remark that the above theorem allows us to compute the number of
cyclic subgroups of a given order d in H. This is closely connected with the
number csd(A) of cyclic subgroups of order d in A, computed in Corollary
4.5 of [102].

Corollary 2. Under the notation of Theorem 1, for every divisor d of |A|,
H possesses:

(a) csd(A) cyclic subgroups of order d,

(b) (2n+1 − 1)csd(A) cyclic subgroups of order 2d,

(c) 3 · 2ncsd(A) cyclic subgroups of order 4d.

Obviously, the total number of cyclic subgroups of H can be obtained
from Corollary 2.

Theorem 3. The total number of cyclic subgroups of the finite hamiltonian
group H = Q8 × Zn2 × A is given by the equality

cs(H) = 5 · 2n cs(A),

where cs(A) denotes the total number of cyclic subgroups of A.

Next, we will focus on arbitrary subgroups of a finite hamiltonian group
H. The main ingredient that will be used is the direct decomposition (2),
which gives a powerful connection between L(H) and L(A). The subgroups
of a finite abelian group have been exhaustively studied by Birkhoff [13].
Since then, many methods to compute their number have been developed
(for example, see [20] or [25]). One of them is based on an arithmetical
description of the subgroup lattice of a finite abelian group and produces
explicit results in several particular cases (see [102]). We recall here only the
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precise formulas for the number of subgroups of order 2k, k = 1, 2, ..., n, in
the elementary abelian 2-group Zn2

an,2(k) =
∑

1≤i1<i2<...<ik≤n

2 i1+i2+...+ik−
k(k+1)

2 ,

respectively for the total number of subgroups of Zn2

an,2 =
n∑
k=0

an,2(k) = 1 +
n∑
k=1

∑
1≤i1<i2<...<ik≤n

2 i1+i2+...+ik−
k(k+1)

2 .

Also, we notice that the subgroups of the direct product Q8 × Zn2 can be
easily counted by using (4.19) of [88], I.

Lemma 4. For every k = 0, 1, ..., n+ 3, the number of subgroups of order 2k

of Q8 × Zn2 is

bn,2(k) = 2kan,2(k) + 22k−2an,2(k − 1) + 3 · 2k−2an,2(k − 2) + an,2(k − 3),

where, by convention, we have an,2(r) = 0 if r < 0 or r > n. In particular,
the total number of subgroups of Q8 × Zn2 is

bn,2 = 2n+2 + 1 + 8
n−2∑
i=0

(2n−i − 22i+1 + 2i)ai,2 + 2n+2an−1,2 + an,2.

Proof. From (4.19) of [88], I, we know that a subgroup K of Q8 × Zn2
is uniquely determined by two subgroups K1 ⊆ K ′1 of Q8, two subgroups
K2 ⊆ K ′2 of Zn2 and a group isomorphism ϕ : K ′1/K1 −→ K ′2/K2 (more
exactly, K = {(x1, x2) ∈ K ′1×K ′2 | ϕ(x1K1) = x2 +K2}). Moreover, we have

|K| = |K1||K ′2| = |K ′1||K2|.

By asking that |K| = 2k, k ∈ {0, 1, ..., n + 3}, we distinguish the following
four cases.

Case 1. |K1| = 1.
In this case |K ′2| = 2k and so K ′2 can be chosen in an,2(k) ways. If |K ′1| = 1,
then both K ′1 and ϕ are trivial, and K2 = K ′2 can be chosen in an,2(k) ways.
These determine an,2(k) distinct subgroups K. If |K ′1| = 2, then K ′1 can
be chosen in a unique way, ϕ is the identity map and K2 can be chosen in
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2k−1 ways because its order is 2k−1. These determine (2k−1)an,2(k) distinct
subgroups K. If |K ′1| = 4 or |K ′1| = 8, then there is no way to choose K2 and
K ′2. Hence in this case one obtains

an,2(k) + (2k − 1)an,2(k) = 2kan,2(k)

distinct subgroups of Q8 × Zn2 .

Case 2. |K1| = 2.
In this case K1 can uniquely be chosen and K ′2 can be chosen in an,2(k − 1)
ways because its order is 2k−1. If |K ′1| = 2, then K ′1 = K1, ϕ is trivial and
K2 = K ′2 can be chosen in an,2(k − 1) ways. These determine an,2(k − 1)
distinct subgroups K. If |K ′1| = 4, then K ′1 can be one of the (three) cyclic
subgroups of order 4 in Q8, ϕ is the identity map and K2 can be chosen in
2k−1−1 ways because its order is 2k−2. These determine 3(2k−1−1)an,2(k−1)
distinct subgroups K. If |K ′1| = 8, then K ′1 = Q8, ϕ can be chosen in 6 ways
(Z2 × Z2 has six automorphisms) and K2 can be chosen in ak−1,2(k − 3) =
1

3
(22k−3 − 3 · 2k−2 + 1) ways (it is a subgroup of order 2k−3 of K ′2

∼= Zk−12 ).

These determine (22k−2−3 ·2k−1 +2)an,2(k−1) distinct subgroups K. Hence
in this case one obtains

an,2(k − 1) + 3(2k−1 − 1)an,2(k − 1) + (22k−2 − 3 · 2k−1 + 2)an,2(k − 1) =

= 22k−2an,2(k − 1)

distinct subgroups of Q8 × Zn2 .

Case 3. |K1| = 4.
In this case K1 can be chosen in 3 ways and K ′2 can be chosen in an,2(k− 2)
ways because its order is 2k−2. If |K ′1| = 4, then it can uniquely be chosen,
ϕ is trivial and K2 = K ′2 can be chosen in an,2(k− 2) ways. These determine
3an,2(k−2) distinct subgroups K. If K ′1| = 8, then K ′1 = Q8, ϕ can uniquely
be chosen (Z2 has a unique automorphism) and K2 can be chosen in 2k−2−1
because its order is 2k−3. These determine 3(2k−2 − 1)an,2(k − 2) distinct
subgroups K. Hence in this case one obtains

3an,2(k − 2) + 3(2k−2 − 1)an,2(k − 2) = 3 · 2k−2an,2(k − 2)

distinct subgroups of Q8 × Zn2 .
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Case 4. |K1| = 8.
In this case K1 = K ′1 can uniquely be chosen, K2 = K ′2 can be chosen in
an,2(k − 3) ways because their order is 2k−3 and ϕ is trivial. Hence they
determine

an,2(k − 3)

distinct subgroups of Q8 × Zn2 .

Now, by summing all above quantities, we infer that

bn,2(k) = 2kan,2(k) + 22k−2an,2(k − 1) + 3 · 2k−2an,2(k − 2) + an,2(k − 3).

In the following this equality will be used to compute the total number bn,2
of subgroups of Q8 × Zn2 . We have

bn,2 =
n+3∑
k=0

bn,2(k) = an,2 + 4xn + yn,

where

xn =
n∑
k=0

2kan,2(k) and yn =
n∑
k=0

22kan,2(k).

The connections between the numbers an,2(k) and an,2 are well-known:

- an,2(k) = an−1,2(k) + 2n−kan−1,2(k − 1), for all k = 1, n− 1,

- an,2 = 2an−1,2 + (2n−1 − 1)an−2,2.

These lead to some recurrence relations satisfied by the chains (xn)n∈N and
(yn)n∈N :

xn = xn−1 + 2nan−1,2 and yn = yn−1 + 2n+1xn−1,

respectively. It follows that

xn = 1 +
n−1∑
i=0

2i+1ai,2 and yn = 2n+2 − 3 +
n−2∑
i=0

(2n+3−i − 22i+4)ai,2,

which implies

bn,2 = 2n+2 + 1 + 8
n−2∑
i=0

(2n−i − 22i+1 + 2i)ai,2 + 2n+2an−1,2 + an,2,

completing the proof.
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Clearly, Lemma 4 leads to the following theorem.

Theorem 5. The total number of subgroups of the finite hamiltonian group
H = Q8 × Zn2 × A is given by the equality

s(H) = bn,2 s(A),

where s(A) denotes the total number of subgroups of A.

Another interesting problem involving the subgroup structure of a (finite)
group is to study whether it can be written as the union of r ≥ 3 proper
subgroups. Such a decomposition is called a subgroup covering and there are
many papers on the coverings of finite groups with different numbers/types
of subgroups. We recall here a famous Scorza’s result (see [143]) which states
that a finite group has a covering with three proper subgroups if and only
if it possesses a quotient isomorphic to Z2 × Z2. Clearly, this leads to the
natural problem of counting the coverings of a finite group with three proper
subgroups. We are now able to solve it for finite hamiltonian groups.

Theorem 6. The number of coverings with three proper subgroups of the
finite hamiltonian group H = Q8 × Zn2 × A is given by the equality

c3(H) =
22n+3 − 3 · 2n+1 + 1

3
.

Proof. The number c3(H) of coverings with three proper subgroups of H
coincides with the number of quotients of H that are isomorphic to Z2×Z2.
Moreover, by (1) we infer that c3(H) is also equal to the number of quotients
of Q8 × Zn2 that are isomorphic to Z2 × Z2.

Let K be a subgroup of order 2n+1 of Q8 × Zn2 and assume that the
quotient Q8 × Zn2/K contains an element xK of order 4. Then o(x) = 4 in
Q8×Zn2 and 〈x〉∩ K = 1. On the other hand, Q8×Zn2/K is abelian because
its order is 4. This implies that 〈x2〉 = (Q8 × Zn2 )′ ⊆ K, a contradiction.
It follows that the quotient Q8 × Zn2/K is isomorphic with Z2 × Z2, for any
subgroup K of order 2n+1 in Q8 × Zn2 . Hence

c3(H) = bn,2(n+ 1) = 22nan,2(n) + 3 · 2n−1an,2(n− 1) + an,2(n− 2) =

= 22n + 3 · 2n−1(2n − 1) +
22n−1−3 · 2n−1+1

3
=

=
22n+3−3 · 2n+1+1

3
,

as desired.
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Remark. The partitions of a group constitute a particular type of subgroup
coverings. Recall that a subgroup covering (Hi)i=1,m of a group H is called a
partition of H if Hi∩Hj = 1, for all i 6= j (see Section 3.5 of [75]). Moreover,
if Hi 6= H for all i = 1,m, then the partition (Hi)i=1,m is called non-trivial.
By inspecting the subgroups of a finite hamiltonian group described above,
we infer that it has no non-trivial partition (notice that an alternative way
to get this conclusion is given by Theorem 3.5.10 of [75]).

Since we know the subgroup structure of finite hamiltonian groups, the
number of principal series of these groups can be also counted. This follows
the most general topic of counting maximal chains of subgroups in finite
nilpotent groups, studied in [89] and [103].

Let H = Q8 × Zn2 × A be a finite hamiltonian group, pα1
1 p

α2
2 ...p

αr
r be

the decomposition of |A| as a product of (odd) prime factors and put α =∑r
i=1 αi. According to Theorem 2.1 of [89], one obtains that the numbers

ps(H) and ps(A) of all principal series of H and A, respectively, are connected
by the equality

ps(H) =

(
n+ 3 + α

n+ 3, α

)
ps(Q8 × Zn2 )ps(A).

We infer that the problem of determining ps(H) is reduced to the computa-
tion of ps(Q8 × Zn2 ).

Lemma 7. The number of principal series of subgroups of Q8 × Zn2 is

ps(Q8 × Zn2 ) = (22n+4 − 3 · 2n+2 − 3n · 2n+1 − 1)
n∏
i=1

(2i − 1).

Proof. In order to determine ps(Q8 × Zn2 ), we remark first that every such
series contains a unique maximal subgroup of Q8 × Zn2 . Consequently,

ps(Q8 × Zn2 ) =
∑

M≤Q8×Zn2 , |M |=2n+2

ps(M).

On the other hand, by the proof of Lemma 4 we infer that Q8×Zn2 possesses
bn,2(n + 2) = 2n+2 − 1 maximal subgroups, namely 4(2n − 1) isomorphic to
Q8 × Zn−12 and 3 isomorphic to Z4 × Zn2 . One obtains

ps(Q8 × Zn2 ) = 4(2n − 1)ps(Q8 × Zn−12 ) + 3ps(Z4 × Zn2 ).
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By using the recurrence relation established in Lemma D of [103], we easily
get

ps(Z4 × Zn2 ) = (n · 2n+1 + 1)
n∏
i=1

(2i − 1),

which implies that the chain zn = ps(Q8 × Zn2 ) satisfies the following recur-
rence relation

zn = 4(2n − 1)zn−1 + 3(n · 2n+1 + 1)
n∏
i=1

(2i − 1), for all n ≥ 1.

Since z0 = 3, it results

zn = (22n+4 − 3 · 2n+2 − 3n · 2n+1 − 1)
n∏
i=1

(2i − 1),

which completes the proof.

Now, an explicit formula for ps(H) is obtained.

Theorem 8. The total number of principal series of subgroups of the finite
hamiltonian group H = Q8 × Zn2 × A is given by the equality

ps(H)=

(
n+ 3 + α

n+ 3, α

)
(22n+4−3 · 2n+2−3n · 2n+1−1)

n∏
i=1

(2i−1)ps(A).

The lattice of characteristic subgroups of a finite hamiltonian group

Let G be a group. In contrast with L(G) and N(G) that are known
for many classes of groups (for example, see [75]), the lattice Char(G) of
characteristic subgroups of G has been exhaustively described only for few
classes of groups. One of them is constituted by the finite abelian groups,
and important contributions have had Miller [64, 65], Baer [5], Birkhoff [13],
or the more recent paper by Kerby and Rode [50] (see also [49]). In the
following we will extend this study to finite hamiltonian groups, in view of
the form of subgroups of a direct product.

Let H ∼= Q8 × Zn2 × A be a finite hamiltonian group. One needs first
to know the structure of automorphisms of H. According to Lemma 2.1 of
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[43], we infer that a direct decomposition of type (1) also holds for Aut(H),
namely

(3) Aut(H) ∼= Aut(Q8 × Zn2 )× Aut(A).

Since the automorphisms of finite abelian groups are precisely determined
and counted in [43], we must focus only on describing the automorphisms of
Q8 × Zn2 . By Theorem 3.2 of [12] and by using the elementary isomorphism
Z(Q8) = 〈x2〉 ∼= Z2, one obtains that Aut(Q8 × Zn2 ) is isomorphic to the
multiplicative group of all matrices(

α β
γ δ

)
with

α ∈ Aut(Q8) β ∈ Hom(Zn2 ,Z2)
γ ∈ Hom(Q8,Zn2 ) δ ∈ Aut(Zn2 )

.

More exactly, if f ∈ Aut(Q8 × Zn2 ) is determined by the matrix

(
α β
γ δ

)
,

then f(x1, x2) = (α(x1)β(x2), γ(x1) + δ(x2)), for all (x1, x2) ∈ Q8 × Zn2 . In
particular, we have

|Aut(Q8 × Zn2 )| = |Aut(Q8)||Hom(Zn2 ,Z2)||Hom(Q8,Zn2 )||Aut(Zn2 )|.

Now, we can easily see that

- |Aut(Q8)| = 24,

- |Hom(Zn2 ,Z2)| = 2n,

- |Hom(Q8,Zn2 )| = 22n,

- |Aut(Zn2 )| = 2
n(n−1)

2

n∏
i=1

(2i − 1).

Hence we have proved the following result.

Theorem 9. The number of automorphisms of the finite hamiltonian group
H ∼= Q8 × Zn2 × A is given by the equality

|Aut(Q8 × Zn2 )| = 3 · 2
(n+2)(n+3)

2

n∏
i=1

(2i − 1)|Aut(A)|,

where |Aut(A)| can be computed by Theorem 4.1 of [43].



68 marius tărnăuceanu

Since the Sylow subgroups of a finite nilpotent group are characteristic,
the lattice Char(H) of characteristic subgroups of H ∼= Q8 × Zn2 × A is also
decomposable:

(4) Char(H) ∼= Char(Q8 × Zn2 )× Char(A).

In our case we can give an explicit description of the lattice Char(A). The
condition |A| ≡ 1 (mod 2) implies that all characteristic subgroups of A are
regular (see [5] and [64, 65]). It follows that they form a sublattice of a direct
product of chains, that is a distributive lattice. Moreover, we note that the
number |Char(A)| can precisely be determined by Corollary 1.7 of [50].

So, in order to study the characteristic subgroups of H we must look
again only on the characteristic subgroups of its 2-component. The following
result shows that there are few possibilities for a subgroup K of Q8 × Zn2 to
be characteristic.

Lemma 10. Let G be a characteristic subgroup of Q8×Zn2 and assume that
it is determined by K1, K

′
1, K2, K

′
2 and ϕ, as in the proof of Lemma 4. Then

K1, K
′
1 ∈ Char(Q8) and K2, K

′
2 ∈ Char(Zn2 ).

Proof. First of all, by using the form of automorphisms of Q8×Zn2 described
above, we infer that for every f1 ∈ Aut(Q8) there is f ∈ Aut(Q8 × Zn2 ) such
that f | Q8 = f1 and f | Zn2 = 1Zn2 (namely, f(x1, x2) = (f1(x1), x2), for
all (x1, x2) ∈ Q8 × Zn2 ). It is clear that for x1 ∈ K1 = K ∩ Q8 we have
f1(x1) = π1(f(x1, 0)) ∈ K1, because K is characteristic in Q8 × Zn2 . This
proves that K1 ∈ Char(Q8). If x1 ∈ K ′1 = π1(K), then (x1, x2) ∈ K for some
x2 ∈ Zn2 . One obtains f1(x1) = π1(f(x1, x2)) ∈ K ′1 and so K ′2 is characteristic,
too.

Obviously, the second conclusion follows in a similar manner.

Remark. Under the above notation, for a characteristic subgroup K of Q8×
Zn2 we must have K1, K

′
1 ∈ {1, 〈x2〉, Q8} and K2, K

′
2 ∈ {0,Zn2}, respectively.

We also remark that Lemma 10 can naturally be generalized to a finite direct
product of arbitrary groups and that its converse fails (for example, the
subgroup K = Q8 × 0 ∈ L(Q8 × Zn2 ) has K1 = K ′1 = Q8 ∈ Char(Q8) and
K2 = K ′2 = 0 ∈ Char(Zn2 ), but it is not characteristic in Q8 × Zn2 ).

Next, we observe that if K ∈ Char(Q8 × Zn2 ) and n ≥ 3, then K1 = K ′1,
K2 = K ′2 and ϕ is trivial. In this way,

Char(Q8 × Zn2 ) ⊆ Char(Q8)× Char(Zn2 ).
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Again, a simple exercise involving the form of automorphisms of Q8 × Zn2
shows that 〈x2〉 × 0 ∈ Char(Q8 × Zn2 ), while the subgroups Q8 × 0 and
1 × Zn2 are not characteristic. Since the other subgroups the direct product
Char(Q8)×Char(Zn2 ) obviously belong to Char(Q8×Zn2 ) (mention that 〈x2〉×
Zn2 = Φ(Q8 × Zn2 )), one obtains that for n ≥ 3 the lattice Char(Q8 × Zn2 ) is
reduced to the following chain:

1× 0 ⊂ 〈x2〉 × 0 ⊂ 〈x2〉 × Zn2 ⊂ Q8 × Zn2 .

If K is a subgroup of Q8 × Zn2 and n = 1 or n = 2, then the quotients
K ′1/K1 and K ′2/K2 are not necessarily trivial. In these two cases we have
the additional subgroups 〈x2, 1〉 corresponding to the (unique) isomorphism
K ′1/K1

∼= K ′2/K2
∼= Z2 and six subgroups ∼= Q8 corresponding to the isomor-

phisms K ′1/K1
∼= K ′2/K2

∼= Z2
2, respectively. By a direct inspection, we infer

that no one of these subgroups is characteristic.
We are now able to give a complete description of the lattice of charac-

teristic subgroups of H.

Theorem 11. The lattice Char(H) of characteristic subgroups of the finite
hamiltonian group H ∼= Q8 × Zn2 × A is distributive. More precisely, it
possesses a direct decomposition of type

Char(H) ∼= Char(Q8 × Zn2 )× Char(A),

where Char(Q8 × Zn2 ) is a chain of length 3 and Char(A) is a sublattice of a
direct product of chains.

In particular, Theorem 11 allows us to determine explicitly the cardinality
of Char(H).

Theorem 12. The total number of characteristic subgroups of the finite
hamiltonian group H = Q8 × Zn2 × A is given by the equality

|Char(H)| = 4|Char(A)|,

where |Char(A)| is computed in Corollary 1.7 of [50].

Finally, by fixing the finite hamiltonian group H ∼= Q8 × Zn2 × A, we
remark that there are many finite groups G whose lattices of characteristic
subgroups are isomorphic to Char(H) (for example, G = Zn8 × A, where
n ∈ N∗, or G = D8×A, where D8 is the dihedral group of order 8). Hence the
finite hamiltonian groups are not determined by their lattices of characteristic
subgroups.
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2.2.3 Subgroup commutativity degrees

In the last years there has been a growing interest in the use of probability
in finite group theory. One of the most important aspects that have been
studied is the probability that two elements of a finite group G commute.
This is denoted by d(G) and is called the commutativity degree of G. Many
papers, as [36], [51]–[55] and [73], give explicit formulas of d(G) for some
particular finite groups G. Other significant results on this topic describe
several classes of finite groups whose commutativity degrees satisfy a certain
inequality/equality (for example, see [55] and [73]). Also, we mention here
the paper [31], where a generalization of the commutativity degree concept
is investigated.

Let G be a finite group. Given two subgroups H and K of G, their
product HK = {hk | h ∈ H, k ∈ K} is not always a subgroup in G. More
precisely, we have HK ∈ L(G) if and only if HK = KH, that is H and K
commute. This fact suggests us to consider the quantity

sd(G) =
1

|L(G)|2
∣∣{(H,K) ∈ L(G)2 | HK = KH}

∣∣ =

=
1

|L(G)|2
∣∣{(H,K) ∈ L(G)2 | HK ∈ L(G)}

∣∣ ,
which will be called the subgroup commutativity degree of G. Clearly, sd(G)
measures the probability that two subgroups of G commute, or equivalently
the probability that the product of two subgroups of G be a subgroup in G,
too. For an arbitrary finite group G, computing sd(G) is a difficult work,
since it involves the counting of subgroups of G (the number |L(G)| is un-
known, excepting in a few particular cases). In [100, 104, 129] some steps
in the study of this new notion are made. They will be presented in the
following.

The subgroup commutativity degree of a finite group G is closely con-
nected with two types of subgroups of G: permutable subgroups and modular
subgroups. Recall that a subgroup H of G is called permutable if HK = KH,
for all K ∈ L(G), and modular if it is a modular element in L(G). If all sub-
groups of G are modular (that is the lattice L(G) is modular), then we say
that G is a modular group. Clearly, any normal subgroup is permutable and,
by Theorem 2.1.3 of [75], a permutable subgroup is always modular. There-
fore a group all of whose subgroups are permutable is a modular group.
In particular, it is also metabelian, as shows Theorem 2.4.22 of Schmidt’s
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book. According to Lemma 2.3.2 in the same work, for a finite p-group G
the permutability of all its subgroups is equivalent with the modularity of
G. An interesting class of finite non-abelian p-groups satisfying this property
consists of the groups M(pm), m ≥ 3, which have the following presentation:

M(pm) = 〈x, y | xpm−1

= yp = 1, y−1xy = xp
m−2+1〉 .

For an arbitrary finite group G there are also known some necessary and
sufficient conditions to have the permutability of all its subgroups. Exercise
3, page 87, [75], furnishes two such conditions:

(1) G is the direct product of its p-components and these are all modular;

(2) G is a nilpotent modular group.

Moreover, we mention that a complete description of the structure of finite
groups satisfying the above conditions can be obtained by using a well-known
Iwasawa’s result (see Theorem 2.4.14 of [75]).

Finally, we recall the definition of a class of groups that will give examples
of subgroup commutativity degrees different from 1. Let p be a prime, n ≥ 2
be a cardinal number and G be a group. We say that G belongs to the
class P (n, p) if it is either elementary abelian of order pn, or a semidirect
product of an elementary abelian normal subgroup A of order pn−1 by a
group of prime order q 6= p which induces a non-trivial power automorphism
on A. The group G is called a P-group if G ∈ P (n, p) for some prime p
and some cardinal number n ≥ 2. It is well-known that the class P (n, 2)
consists only of the elementary abelian group of order 2n. Also, for p > 2 the
class P (n, p) contains the elementary abelian group of order pn and, for every
prime divisor q of p − 1, exactly one non-abelian P -group with elements of
order q. Moreover, the order of this group is pn−1q if n is finite. The most
important property of the groups in a class P (n, p) is that they are all lattice-
isomorphic (i.e. their subgroup lattices are isomorphic), as shows Theorem
2.2.3 of [75].

Basic properties of subgroup commutativity degree

Let G be a finite group. First of all, remark that the subgroup commu-
tativity degree sd(G) satisfies the following relation:

0 < sd(G) ≤ 1.
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Obviously, the equality sd(G) = 1 holds if and only if all subgroups of G are
permutable. We infer that a group with subgroup commutativity degree 1 is
modular and metabelian. These groups can be characterized in the following
manner.

Proposition 1. For a finite group G we have sd(G) = 1 if and only if G
satisfies the equivalent conditions (1) and (2).

Next, for every subgroup H of G, let us denote by C(H) the set consisting
of all subgroups of G which commute with H, that is

C(H) = {K ∈ L(G) | HK = KH}.

Then

sd(G) =
1

|L(G)|2
∑

H∈L(G)

|C(H)|.

It is clear that the normal subgroups of G are contained in each set C(H),
which implies that

|N(G)|
|L(G)|

≤ sd(G).

Note that we have sd(G) =
|N(G)|
|L(G)|

if and only if N(G) = L(G) (in other

words, G is a Dedekind group). Remark also that all the subgroups of G
contained in NG(H) belong to C(H), and thus

(∗) N(G) ∪ L(NG(H)) ⊆ C(H), for any H ∈ L(G).

For many finite groups G the relation (∗) becomes an equality, as for the
symmetric group S3 or for the alternating group A4. In these cases we easily
obtain

sd(S3) =
5

6
and sd(A4) =

16

25
.

In the following, suppose that G and G′ are two finite groups. If G ∼= G′,
then sd(G) = sd(G′). The same thing cannot be said in the case when G
and G′ are only lattice-isomorphic, as shows the following example.

Example. Let G be the elementary abelian group of order 3n (where n ≥ 2)
and G′ be the non-abelian P -group (with elements of order 2) contained in
the class P (n, 3). Then G and G′ are lattice-isomorphic. We have sd(G) =
1, because G is abelian. We know that G′ is a semidirect product of an
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elementary abelian normal subgroup A of order 3n−1 by a group B ∼= Z2.
Take an arbitrary element a of A and denote by b a generator of B. Then it
is easy to see that 〈b〉〈ba〉 6= 〈ba〉〈b〉, and thus sd(G′) < 1. Hence sd(G) 6=
sd(G′).

By a direct calculation we obtain sd(S3×Z2) =
101

128
6= 5

6
= sd(S3)sd(Z2).

Therefore, in general we don’t have sd(G×G′) = sd(G)sd(G′). A sufficient
condition in order to this equality holds is that G and G′ be of coprime
orders. This remark can be extended to an arbitrary finite direct product.

Proposition 2. Let (Gi)i=1,k be a family of finite groups having coprime
orders. Then

sd(
k∏
i=1

Gi) =
k∏
i=1

sd(Gi).

The following immediate consequence of Proposition 2 shows that com-
puting the subgroup commutativity degree of a finite nilpotent group is re-
duced to finite p-groups.

Corollary 3. If G is a finite nilpotent group and (Gi)i=1,k are the Sylow
subgroups of G, then

sd(G) =
k∏
i=1

sd(Gi).

In order to simplify our notation, we define the function f : L(G)2 →
{0, 1} by

f(H,K) =


1, KH = KH

, for all H,K ∈ L(G).
0, HK 6= KH

Obviously, we have |C(H)| =
∑

K∈L(G)

f(H,K) for any H ∈ L(G), and so

sd(G) =
1

|L(G)|2
∑

H,K∈L(G)

f(H,K).

Let N be a fixed normal subgroup of G and consider the sets A1 = {H ∈
L(G) | N ⊆ H} and A2 = {H ∈ L(G) | H ⊂ N}. Since A1 ∪A2 ⊆ L(G), we
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infer that

(3)

sd(G) ≥ 1

|L(G)|2
∑

H,K∈A1∪A2

f(H,K) =

=
1

|L(G)|2

( ∑
H,K∈A1

f(H,K) +
∑

H,K∈A2

f(H,K)+2
∑
H∈A1

∑
K∈A2

f(H,K)

)
.

We are able to calculate all three terms in the right side of (3):

∑
H,K∈A1

f(H,K) = sd(
G

N
)|L(

G

N
)|2,

∑
H,K∈A2

f(H,K) =
∑

H,K∈A2∪{N}

f(H,K)− 2
∑

H∈A2∪{N}

f(H,N) + 1 =

= sd(N)|L(N)|2 − 2|L(N)|+ 1

and

2
∑
H∈A1

∑
K∈A2

f(H,K) = 2|A1| |A2| = 2|L(
G

N
)|(|L(N)| − 1).

By replacing the previous quantities, (3) becomes an inequality which

connects sd(G) with sd(N) and sd(
G

N
).

Proposition 4. Let G be a finite group and N be a normal subgroup of G.
Then the following inequality holds:

(4)

sd(G) ≥ 1

|L(G)|2

[(
|L(N)|+ |L(

G

N
)| − 1

)2

+

+ (sd(N)− 1)|L(N)|2 +

(
sd(

G

N
)− 1

)
|L(

G

N
)|2
]
.

From (4) other interesting inequalities can be derived. One of them is
obtained under the supplementary hypothesis that G is metabelian. In this

case it contains a normal subgroup N such that both N and
G

N
are abelian

groups (and thus sd(N) = sd(
G

N
) = 1).
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Corollary 5. Let G be a finite group and N be a normal subgroup of G such

that N and
G

N
are abelian. Then

(5) sd(G) ≥

 |L(N)|+ |L(
G

N
)| − 1

|L(G)|


2

.

Next, assume that the normal subgroup N in Proposition 4 is of prime

index. Then |L(
G

N
)| = 2 and sd(

G

N
) = 1, which allow us to write (4) in a

more simple way.

Corollary 6. If G is a finite group possessing a normal subgroup N of prime
index, then

(6) sd(G) ≥ 1

|L(G)|2
(sd(N)|L(N)|2 + 2|L(N)|+ 1).

Moreover, if G is solvable, this last inequality can be iterated in the
following manner. Let 1 = G0 ⊂ G1 ⊂ ... ⊂ Gk = G be a series of subgroups

of G such that all factor groups
Gi

Gi−1
, i = 1, 2, ...k, are cyclic of prime order.

By applying (6), we obtain

sd(Gi)|L(Gi)|2 ≥ sd(Gi−1)|L(Gi−1)|2 + 2|L(Gi−1)|+ 1, for all i = 1, k.

Summing up all these inequalities, it results that

sd(G)|L(G)|2 ≥ 2
k∑
i=1

|L(Gi−1)|+ k + 1,

and hence we have proved the following corollary.

Corollary 7. If G is a finite solvable group and 1 = G0 ⊂ G1 ⊂ ... ⊂ Gk = G

is a series of subgroups of G such that all factor groups
Gi

Gi−1
, i = 1, 2, ..., k,

are cyclic of prime order, then

(7) sd(G) ≥ 1

|L(G)|2

(
2

k∑
i=1

|L(Gi−1)|+ k + 1

)
.
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Finally, suppose that G is a finite p-group of order pk which has a cyclic
maximal subgroup. Then, in the hypotheses of Corollary 7 we can assume
that Gk−1 is cyclic, and so are all Gi−1, i = 1, k − 1. One obtains |L(Gi−1)| =
i, for i = 1, 2, ..., k, permitting us to compute the right side of (7).

Corollary 8. If G is a finite p-group of order pk which has a cyclic maximal
subgroup, then

(8) sd(G) ≥
(
k + 1

|L(G)|

)2

.

Subgroup commutativity degrees for some classes of finite groups

As we have seen above, the subgroup commutativity degree of some
classes of finite groups satisfies certain inequalities. In this section we com-
pute it explicitly for finite dihedral groups and for finite p-groups possessing
a cyclic maximal subgroup. Several interesting limits are also obtained.

• Dihedral groups

The dihedral group D2n (n ≥ 2) is the symmetry group of a regular
polygon with n sides and it has the order 2n. The most convenient abstract
description of D2n is obtained by using its generators: a rotation x of order
n and a reflection y of order 2. Under these notations, we have

D2n = 〈x, y | xn = y2 = 1, yxy = x−1〉.
It is well-known that for every divisor r or n, D2n possesses a subgroup
isomorphic to Zr, namely Hr

0 = 〈xnr 〉, and n
r

subgroups isomorphic to D2r,
namely Hr

i = 〈xnr , xi−1y〉, i = 1, 2, ..., n
r

. Then

(9) |L(D2n)| = τ(n) + σ(n),

where τ(n) and σ(n) are the number and the sum of all divisors of n, respec-
tively. Since all cyclic subgroups Hr

0 are normal, one obtains that

∑
H∈L(D2n)

|C(H)| =
∑
r|n

|C(Hr
0)|+

∑
r|n

n
r∑
i=1

|C(Hr
i )| =

= τ(n)(τ(n) + σ(n)) +
∑
r|n

n
r∑
i=1

|C(Hr
i )|.
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Suppose that the divisor r of n and i ∈
{

1, 2, ..., n
r

}
are fixed. Then

C(Hr
i ) =

⋃
r|n

{Hr
0}

 ∪ {K ∈ L(D2n) | K = dihedral, Hr
iK = KHr

i } .

A subgroup K = Hs
j , where s | n and j ∈

{
1, 2, ..., n

s

}
, is contained in C(Hr

i )

if and only if x2(i−j) ∈ 〈x
n

[r,s] 〉, that is

(10)
n

[r, s]
| 2(i− j).

Denoting by xri the number of all solutions of (10), it results that |C(Hr
i )| =

τ(n) + xri and thus an explicit formula for sd(D2n) is obtained.

Theorem 9. The subgroup commutativity degree sd(D2n) of the dihedral
group D2n is given by the following equality:

(11) sd(D2n) =

τ(n)2 + 2τ(n)σ(n) +
∑
r|n

n
r∑
i=1

xri

(τ(n) + σ(n))2
·

In the following we shall compute explicitly the above quantities xri . First
of all, we shall focus on two particular cases.

Case 1. n is odd.

In this case (10) is equivalent to i ≡ j (mod
n

[r, s]
). Clearly, for a fixed s, this

congruence has
[r, s]

s
solutions j ∈

{
1, 2, ..., n

s

}
. Therefore we have

xri =
∑
s|n

[r, s]

s
= r

∑
s|n

1

(r, s)
,

and so ∑
r|n

n
r∑
i=1

xri = g(n),

where g is the function defined by g(k) = k
∑
r|k, s|k

1

(r, s)
, for all k ∈ N. Obvi-

ously, g is multiplicative and

g(pα) =
(2α + 1)pα+2 − (2α + 3)pα+1 + p+ 1

(p− 1)2
,
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for any prime p and α ∈ N. If n = pα1
1 p

α2
2 ...p

αm
m is the decomposition of n as

a product of prime factors, then by the above remark we get

(12) g(n) =
m∏
i=1

(2αi + 1)pαi+2
i − (2αi + 3)pαi+1

i + pi + 1

(pi − 1)2
.

Corollary 10. If n is odd and g denotes the arithmetic function given by
(12), then the subgroup commutativity degree of the dihedral group D2n is

sd(D2n) =
τ(n)2 + 2τ(n)σ(n) + g(n)

(τ(n) + σ(n))2
.

Case 2. n = 2m−1.

For r = n the relation (10) is satisfied by all s which divide n and all j ∈{
1, 2, ..., n

s

}
, therefore

xn1 =
∑
s|n

n
s∑

j=1

1 = σ(n) = 2m − 1.

For r < n let us put r = 2u, where 0 ≤ u ≤ m − 2. If s = n, then
(10) has exactly one solution. If s < n, then taking s of the form 2v with
0 ≤ v ≤ m − 2, (10) can be rewritten as i ≡ j (mod 2m−2−max{u,v}). This
congruence has 2max{u,v}−v+1 solutions j ∈ {1, 2, ..., 2m−1−v} and hence

xri = 1 +
m−2∑
v=0

2max{u,v}−v+1 = 2u+2 − 2u+ 2m− 5.

By a direct calculation, it follows that

∑
r|n

n
r∑
i=1

xri = 2m − 1 +
m−2∑
u=0

2m−1−u(2u+2 − 2u+ 2m− 5) = (m− 2)2m+2 + 9,

a value which is different from g(2m−1). This equality together with (11) lead
us to an explicit formula for sd(D2m).

Corollary 11. The subgroup commutativity degree sd(D2m) of the dihedral
group D2m is given by the following equality:

sd(D2m) =
(m− 2)2m+2 +m2m+1 + (m− 1)2 + 8

(m− 1 + 2m)2
.



contributions to the study of subgroup lattices 79

By the above result we also infer the following consequence.

Corollary 12. lim
m→∞

sd(D2m) = 0.

Finally, let us suppose that n is arbitrary, say n = 2αn′ with n′ odd. We

shall show that in this case the quantity
∑
r|n

n
r∑
i=1

xri is equal to the product of

the similar quantities calculated above for n = 2α and n = n′, respectively.
In this way, an exact value of sd(D2n) will be obtained.

Under the above notation, the divisor r of n is of the form 2βr′, where

β ≤ α and r′ | n′. If β = α, then (10) has
2α−γr′

(r′, s′)
solutions j ∈

{
1, 2, ..., n

s

}
,

for each divisor s = 2γs′ (s′ odd) of n. So, one obtains

(13) xri =
α∑
γ=0

∑
s′|n′

2α−γr′

(r′, s′)
= (2α+1 − 1)r′

∑
s′|n′

1

(r′, s′)
.

Next, let us assume that β < α and take s as above. If γ = α, then we

can easily see that (10) possesses
r′

(r′, s′)
solutions j ∈

{
1, 2, ..., n

s

}
, while if

γ < α, then (10) possesses 2β+1−min{β,γ} r′

(r′, s′)
such solutions. It follows that

(14) xri=

(
1+

α−1∑
γ=0

2β+1−min{β,γ}

)∑
s′|n′

r′

(r′, s′)
=
(
2β+2−2β+2α−3

)
r′
∑
s′|n′

1

(r′, s′)
.

Now, by using the equalities (13) and (14), we find

∑
r|n

n
r∑
i=1

xri =
∑
r′|n′

(2α+1 − 1)n′
∑
s′|n′

1

(r′, s′)
+

+
α−1∑
β=0

∑
r′|n′

2α−β
(
2β+2 − 2β + 2α− 3

)
n′
∑
s′|n′

1

(r′, s′)
=

=
[
(α− 1)2α+3 + 9

]
n′

∑
r′|n′, s′|n′

1

(r′, s′)
=
[
(α− 1)2α+3 + 9

]
g(n′) .
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Hence we have proved the following theorem.

Theorem 13. Let n = 2αn′ be a positive integer, where n′ is odd, and g
be the arithmetic function given by (12). Then the subgroup commutativity
degree sd(D2n) of the dihedral group D2n is:

(15) sd(D2n) =
τ(n)2 + 2τ(n)σ(n) + [(α− 1)2α+3 + 9] g(n′)

(τ(n) + σ(n))2
·

Remark. By applying (15) for n = 6, we easily obtain sd(D12) = 101/128,
the same value computed (by a direct calculation) in the previous section
for the subgroup commutativity degree of S3 × Z2. This is not a surprise,
according to the group isomorphism D12

∼= S3 × Z2.

• p-groups possessing a cyclic maximal subgroup

Let p be a prime, m ≥ 3 be an integer and denote by G the class con-
sisting of all finite p-groups of order pm having a maximal subgroup which
is cyclic. Obviously, G contains finite abelian p-groups of type Zp × Zpm−1

whose subgroup commutativity degree is 1, but some finite non-abelian p-
groups belong to G, too. They are exhaustively described in Theorem 4.1,
[88], II: a non-abelian group is contained in G if and only if it is isomorphic
to M(pm) when p is odd, or to one of the following groups

– M(2m) (m ≥ 4),

– the dihedral group D2m ,

– the generalized quaternion group

Q2m = 〈x, y | x2m−1

= y4 = 1, yxy−1 = x2
m−1−1〉,

– the quasi-dihedral group

S2m = 〈x, y | x2m−1

= y2 = 1, y−1xy = x2
m−2−1〉 (m ≥ 4)

when p = 2.
In the following the subgroup commutativity degrees of the above p-

groups will be determined. As we observed in introduction, we have

(16) sd(M(pm)) = 1.
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Because sd(D2m) has been also obtained in our previous section, we need to
focus only on computing sd(Q2m) and sd(S2m).

Theorem 16. The subgroup commutativity degree sd(Q2m) of the generalized
quaternion group Q2m is given by the following equality:

(17) sd(Q2m) =
(m− 3)2m+1 +m2m + (m− 1)2 + 8

(m− 1 + 2m−1)2
.

Proof. It is well-known that Q2m has a unique minimal subgroup, namely
Z(Q2m) = 〈x2m−2〉, and

Q2m

Z(Q2m)
∼= D2m−1 .

Then, by using (9), one obtains that

(18) |L(Q2m)| = 1 + |L(D2m−1)| = 1 + τ(2m−2) + σ(2m−2) = m− 1 + 2m−1.

Since for two non-trivial subgroups H and K of Q2m we have

HK = KH if and only if
H

Z(Q2m)

K

Z(Q2m)
=

K

Z(Q2m)

H

Z(Q2m)
,

it results∑
H∈L(Q2m )

|C(H)| = |C({1})|+
∑

H∈L(Q2m )

H 6={1}

|C(H)| =

= |L(Q2m)|+
∑

H
Z(Q2m )

∈L( Q2m
Z(Q2m )

)

(1 + |C(
H

Z(Q2m)
)|) =

= |L(Q2m)|+
∑

H′∈L(D2m−1 )

1 +
∑

H′∈L(D2m−1 )

|C(H ′)| =

= |L(Q2m)|+ |L(D2m−1)|+ sd(D2m−1)|L(D2m−1)| 2 =

= (m− 3)2m+1 +m2m + (m− 1)2 + 8.

This equality together with (18) show that sd(Q2m) is of the form (17), which
completes our proof.

Corollary 17. lim
m→∞

sd(Q2m) = 0.
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The same type of reasoning will be also used to calculate sd(S2m).

Theorem 18. The subgroup commutativity degree sd(S2m) of the quasi-
dihedral group S2m is given by the following equality:

(19) sd(S2m) =
(m− 3)2m+1 +m2m + (3m− 2)2m−1 + (m− 1)2 + 8

(m− 1 + 3 · 2m−2)2
.

Proof. The minimal subgroups of S2m are Z(S2m) = 〈x2m−2〉 and 〈x2iy〉,
i = 0, 1, ..., 2m−2 − 1. As in the case of Q2m , the group isomorphism

S2m

Z(S2m)
∼= D2m−1

holds. Moreover, for any subgroup H of S2m , we have Z(S2m) ⊆ H or

H ∈
{

1, 〈y〉, 〈x2y〉, ..., 〈x2m−1−2y〉
}
. This implies that

(20) |L(S2m)| = 2m−2 + 1 + |L(D2m−1)| = m− 1 + 3 · 2m−2.

On the other hand, one obtains

∑
H∈L(S2m )

|C(H)| =
∑

H∈L(S2m )

Z(S2m )⊆H

|C(H)|+ |C({1})|+
2m−2−1∑
i=0

|C(〈x2iy〉)| =

(21) = |L(S2m)|+ |L(D2m−1)|+ 2m−2 +
∑

H,K∈L(S2m )

Z(S2m )⊆H,K

f(H,K) +

+
2m−2−1∑
i,j=0

f(〈x2iy〉, 〈x2jy〉) + 2
∑

H∈L(S2m )

Z(S2m )⊆H

2m−2−1∑
i=0

f(H, 〈x2iy〉),

where f is the function defined in the above section. We are able to compute
all terms in the right side of (21). As in Theorem 16, we have

(22)
∑

H,K∈L(S2m )

Z(S2m )⊆H,K

f(H,K) = sd(D2m−1)|L(D2m−1)| 2.

Since f(〈x2iy〉, 〈x2jy〉) = 1 if and only if 2m−3 | i− j, it results that

(23)
2m−2−1∑
i,j=0

f(〈x2iy〉, 〈x2jy〉) = 2m−1.
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Let H ∈ L(S2m) such that Z(S2m) ⊆ H and i ∈ {0, 1, ..., 2m−2 − 1}. Then

f(H, 〈x2iy〉)=1⇐⇒x2iy ∈ NS2m
(H)⇐⇒x2iyZ(S2m) ∈ N S2m

Z(S2m)

(
H

Z(S2m)
),

which show that the last term in the right side of (21) is equal to

2 |{M ∈ L(D2m−1) |M = minimal and not contained in the cyclic subgroup

of order 2m−2, M ⊆ ND2m−1 (H ′) for some H ′ ∈ L(D2m−1)}|.

Recall that, for every α = 0,m− 2, D2m−1 possesses one cyclic sub-
group of type Z2α (namely Hα

0 = 〈x2m−2−α〉) and 2m−2−α subgroups of type
D2α+1 (namely Hα

β = 〈x2m−2−α
, xβ−1y〉, β = 1, 2, ..., 2m−2−α). Their norma-

lizers are: ND2m−1 (Hα
0 ) = D2m−1 , ND2m−1 (Hα

β ) = Hα+1
β for α < m − 2 and

ND2m−1 (Hm−2
1 ) = D2m−1 . We infer that

(24) 2
∑

H∈L(S2m )

Z(S2m )⊆H

2m−2−1∑
i=0

f(H, 〈x2iy〉) = (3m− 4)2m−1.

Now, the equalities (21)-(24) show that∑
H∈L(S2m )

|C(H)| = (m− 3)2m+1 +m2m + (3m− 2)2m−1 + (m− 1)2 + 8.

So, by (20) the desired formula (19) is obtained, completing the proof.

Corollary 19. lim
m→∞

sd(S2m) = 0.

We end this section by mentioning that the subgroup commutativity de-
gree of any finite nilpotent group whose Sylow subgroups belong to G can
explicitly be calculated, in view of Corollary 3.

• P -groups

In the following let p > 2 be a prime, q be a prime divisor of p − 1 and
n be a positive integer. Our goal is to estimate the subgroup commutativity
degree of the non-abelian group Gn,p of order pn−1q in the class P (n, p). By
Remarks 2.2.1 of [75], we have

Gn,p = H〈x〉,
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where H ∼= Zn−1p (i.e. the direct product of n− 1 copies of Zp), o(x) = q and
there exists an integer r such that x−1hx = hr, for all h ∈ H.

First of all, we recall that the number of subgroups of order pk of the
finite elementary abelian p-group Znp is 1 if k = 0 or k = n, and

an,p(k) =
∑

1≤i1<i2<...<ik≤n

pi1+i2+...+ik−
k(k+1)

2

if 1 ≤ k ≤ n− 1. In particular, the total number of subgroups of Znp is

an,p = 2 +
n−1∑
k=1

an,p(k) = 2 +
n−1∑
k=1

∑
1≤i1<i2<...<ik≤n

pi1+i2+...+ik−
k(k+1)

2 .

Remark. The numbers an,p(k) and an,p satisfy the following recurrence
relations:

(i) an,p(k) = an−1,p(k) + pn−kan−1,p(k − 1), for all k = 1, n− 1,

(ii) an,p = 2an−1,p + (pn−1 − 1)an−2,p.

We also remark that an,p can be written as an,p = fn(p), where the polynomial

fn ∈ Z[X] is of degree
[
n2

4

]
. The dominant coefficient xn of this polynomial

is 1 if n is even and 2 if n is odd. Moreover, by using a computer algebra
program, from (ii) we can easily obtain the first terms of the integer sequence
(an,p)n∈N. For example, we have:

a1,p = 2,
a2,p = p+ 3,
a3,p = 2p2 + 2p+ 4,
a4,p = p4 + 3p3 + 4p2 + 3p+ 5,
a5,p = 2p6 + 2p5 + 6p4 + 6p3 + 6p2 + 4p+ 6,
...

and so on.

The problem of computing sd(Gn,p) is closely connected to the structure
of subgroups of Gn,p and it remains still open in the general case. An upper
bound for this quantity is indicated in the following theorem.
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Theorem 20. The subgroup commutativity degree sd(Gn,p) of the finite P -
group Gn,p satisfies the following inequality:

sd(Gn,p) ≤
an−1,p
an,p

(
2 +

1

an,p

)
.

Proof. A subgroup of Gn,p is either cyclic if it is included in H, or a semidi-
rect product of the same type as Gn,p if it possesses some elements of order
q. So, we are able to give an enumerative description of L(Gn,p). It consists
of:

- one subgroup of order 1, namely the trivial subgroup H1
1 ,

- an−1,p(1) subgroups of order p, say Hp
i , i = 1, ..., an−1,p(1),

- an−1,p(2) subgroups of order p2, say Hp2

i , i = 1, ..., an−1,p(2),
...

- an−1,p(n−2) subgroups of order pn−2, say Hpn−2

i , i = 1, ..., an−1,p (n−2),

- one subgroup of order pn−1, namely Hpn−1

1 = H,

- pn−1 subgroups of order q, say Hq
i , i = 1, ..., pn−1,

- an−1,p(1)pn−2 subgroups of order pq, say Hpq
i , i = 1, ..., an−1,p(1)pn−2,

- an−1,p(2)pn−3 subgroups of order p2q, say Hp2q
i , i = 1, ..., an−1,p(2)pn−3,

...

- an−1,p(n−2)p subgroups of order pn−2q, sayHpn−2q
i , i = 1, ..., an−1,p(n−2)p,

- one subgroup of order pn−1q, namely Hpn−1q
1 = Gn,p.

Next, for every subgroup K of Gn,p, let us denote by C(K) the set of all
subgroups of Gn,p which commute with K. Then

(25) sd(Gn,p) =
1

|L(Gn,p)|2
∑

K∈L(Gn,p)

|C(K)| = 1

a2n,p

∑
K∈L(Gn,p)

|C(K)|.
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Moreover, we have

|C(Hpk

i )| = an,p, for any k = 0, n− 1 and i = 1, an−1,p(k),

because all p-subgroups of Gn,p are normal. Then (25) becomes

(26) sd(Gn,p) =
1

a2n,p

an−1,pan,p +
n−1∑
k=0

an−1,p(k)∑
i=1

|C(Hpkq
i )|

 .

Assume that k ∈ {0, 1, ..., n − 1} and i ∈ {1, 2, ..., an−1,p(k)} are fixed,

and take a subgroup S ∈ C(Hpkq
i ). Then either S ∈ N(Gn,p) or q | |S|. In

the last case, by the equality

|SHpkq
i | =

|S||Hpkq
i |

|S ∩Hpkq
i |

it follows that q must divide |S ∩ Hpkq
i | and so there is a subgroup Hq of

order q of Gn,p contained both in S and Hpkq
i . Thus

C(Hpkq
i ) = N(Gn,p) ∪

( ⋃
Hq∈Q

{S ∈ L(Gn,p) |Hq ⊆ S}

)
=

= N(Gn,p) ∪

( ⋃
Hq∈Q

{HqT | T ∈ L(H)}

)
,

where Q denotes the set of all subgroups of order q in Hpkq
i . Since |Q| = pk,

one obtains

|C(Hpkq
i )| ≤ |N(Gn,p)|+ |L(H)|pk = 1 + an−1,p(1 + pk).

This implies that

n−1∑
k=0

an−1,p(k)∑
i=1

|C(Hpkq
i )| ≤ an−1,p

1 +
n−1∑
k=0

an−1,p(k)∑
i=1

(1 + pk)

 =

= an−1,p

(
1 + an−1,p +

n−1∑
k=0

an−1,p(k)pk

)
= an−1,p (1 + an,p) ,
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where the last equality follows immediately from the recurrence relation (i).
Hence (26) shows that

sd(Gn,p) ≤
an−1,p
an,p

(
2 +

1

an,p

)
,

as desired.
By Theorem 20 we are able to calculate the limit of sd(Gn,p) when p is

fixed and n tends to infinity.

Corollary 21. lim
n→∞

sd(Gn,p) = 0.

Relative subgroup commutativity degrees of finite groups

Let G be a finite group. Since for d(G) there is a natural generalization,
namely the relative commutativity degree of G (see [31]), a similar one can
be introduced for sd(G). So, we define the relative subgroup commutativity
degree of a subgroup H of G

sd(H,G) =
1

|L(H)||L(G)|
|{(H1, G1) ∈ L(H)× L(G) | H1G1 = G1H1}| ,

and, more generally, the relative subgroup commutativity degree of two sub-
groups H and K of G

sd(H,K) =
1

|L(H)||L(K)|
|{(H1, K1) ∈ L(H)× L(K) | H1K1 = K1H1}| .

It is obvious that sd(G) = sd(G,G), for any finite group G, and that the
above two notions also have a probabilistic significance. In the following we
shall focus on some basic properties of the relative subgroup commutativity
degree and on its connections with the classical subgroup commutativity
degree.

Let H be a subgroup of G. Then

0 < sd(H,G) ≤ 1.

Obviously, the equality sd(H,G) = 1 holds if and only if all subgroups of
H are permutable in G, or equivalently if and only if H is modular and
subnormal in G (see Theorem 5.1.1 of [75]).

If H 6= G, then the set {(H1, G1) ∈ L(H) × L(G) | H1G1 = G1H1}
contains the union of the disjoint sets {(H1, G1) ∈ L(H)2 | H1G1 = G1H1}
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and {(H1, G) | H1 ∈ L(H)}. This shows that sd(H,G) and sd(H) satisfy the
inequality

sd(H,G) ≥ |L(H)|
|L(G)|

sd(H) +
1

|L(G)|
.

In the following, for every H1 ∈ L(H), we shall denote by C(H1) the set of
subgroups of G which commute with H1 and by I(H1) the set of subgroups
of G strictly containing H1. One obtains

sd(H,G) =
1

|L(H)||L(G)|
∑

H1∈L(H)

|C(H1)|.

Clearly, N(G) is contained in each set C(H1), which implies that

sd(H,G) ≥ |N(G)|
|L(G)|

.

Since L(H1) ∪ I(H1) ⊆ C(H1), for all H1 ∈ L(H), we also infer that

sd(H,G) ≥ 1

|L(H)||L(G)|

 ∑
H1∈L(H)

|L(H1)|+
∑

H1∈L(H)

|I(H1)|

 .

Moreover, if H1 ∈ N(G), then we find the following inequality between the
relative subgroup commutativity degrees of H and of H/H1:

sd(H,G) ≥ |L(H/H1)||L(G/H1)|
|L(H)||L(G)|

sd(H/H1, G/H1).

We remark that the permutability of the subgroups (H1, G1) ∈ L(H)×L(G)
is equivalent to the permutability of the subgroups (Hx

1 , G1) ∈ L(Hx)×L(G),
for every x ∈ G. This leads to the following proposition.

Proposition 22. Any two conjugate subgroups of a finite group have the
same relative subgroup commutativity degree.

In the following let (Gi)i=1,k be a family of finite groups having coprime

orders. Then the subgroup lattice of the direct product
∏k

i=1Gi is decom-

posable, that is every subgroup H of
∏k

i=1Gi can (uniquely) be written as

H =
∏k

i=1Hi with Hi ≤ Gi, for all i = 1, 2, ..., k. A result similar with
Proposition 2 is now obtained for the relative subgroup commutativity de-
gree.
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Proposition 23. Under the above hypotheses, the following equality holds

sd(H,
k∏
i=1

Gi) =
k∏
i=1

sd(Hi, Gi).

Obviously, the above formula can successfully be applied in the case of
finite nilpotent groups.

Corollary 24. Let G be a finite nilpotent group and (Gi)i=1,k be the Sylow
subgroups of G. Then, for every subgroup H of G, we have

sd(H,G) =
k∏
i=1

sd(Hi, Gi),

where Hi, i = 1, 2, ..., k, are the Sylow subgroups of H. In particular, we
infer that the computation of the relative subgroup commutativity degrees of
subgroups of finite nilpotent groups is reduced to p-groups.

Our next goal is to establish some connections between sd(G) and the
relative subgroup commutativity degrees of the maximal subgroups of G, say
M0, M1, ..., Mr. Let H ∈ L(G). Then L(G) = {G} ∪

(
∪ri=0 L(Mi)

)
and so

C(H) = {G} ∪
(
∪ri=0Mi(H)

)
, whereMi(H) = {K ∈ L(Mi) | HK = KH},

for any i = 0, r. By applying the well-known Inclusion-Exclusion Principle,
it follows that

|C(H)| = 1 +
r∑
s=0

(−1)s
∑

0≤i0<i1<...<is≤r

| ∩sj=0Mij(H)| .

Since

sd(G) =
1

|L(G)|2
∑

H∈L(G)

|C(H)|

and ∑
H∈L(G)

| ∩sj=0Mij(H)| =
∑

H∈L(G)

|{K ∈ L(∩sj=0Mij) | HK = KH}|=

= |L(G)| |L(∩sj=0Mij)|sd(∩sj=0Mij , G),

we have proved the following result.
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Theorem 25. Let G be a finite group and M0,M1, ...,Mr be the maximal
subgroups of G. Then

(27) sd(G)=
1

|L(G)|

(
1+

r∑
s=0

(−1)s
∑

0≤i0<i1<...<is≤r

|L(∩sj=0Mij)| sd(∩sj=0Mij , G)

)
.

Clearly, the above equality allows us to compute the subgroup commu-
tativity degree for all finite groups G whose maximal subgroup structure
is known. We also remark that certain supplementary assumptions on the
maximal subgroups of G can simplify the right side of (27). One of them
consists in asking that the relative subgroup commutativity degree of any
intersection of at least two (distinct) maximal subgroups of G be equal to 1.
In this case sd(G) will depend only on sd(Mi, G), i = 0, 1, ..., r.

Corollary 26. Let G be a finite group and M0,M1, ...,Mr be the maximal
subgroups of G. If sd(∩sj=0Mij , G) = 1, for any s = 1, r and 0 ≤ i0 < i1 <
... < is ≤ r, then we have

(28) sd(G) = 1− 1

|L(G)|

r∑
i=0

|L(Mi)| (1− sd(Mi, G)),

or equivalently

(29) sd(G) = 1− 1

|L(G)|2
r∑

i,j=0

|L(Mi)||L(Mj)| (1− sd(Mi,Mj)).

Recall the explicit value sd(A4) = 16/25 which has been directly com-
puted above. Since A4 satisfies the supplementary condition in the hypothe-
ses of Corollary 26, this value can be also obtained by using (28) or (29).
The same thing cannot be said in the case of S4, for which we must apply
the general formula (27).

Example. It is well-known that S4 possesses eight maximal subgroups:
M0 = A4, Mi

∼= S3, for 1 ≤ i ≤ 4, and Mi
∼= D8, for 5 ≤ i ≤ 7. By

inspecting L(S4), we infer that the intersections of any s ≥ 5 distinct ma-
ximal subgroups is trivial, while the intersections of s ≤ 4 distinct maximal
subgroups are isomorphic with Z2, Z3, Z2 × Z2, S3, D8 or A4. Then (27)

leads to sd(S4) =
1

30

(
13− 24sd(Z2, S4)− 8sd(Z3, S4)− 18sd(Z2 × Z2, S4) +
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24sd(S3, S4)+30sd(D8, S4)+10sd(A4, S4)
)
. We easily find: sd(Z2, S4) = 2/3,

sd(Z3, S4) = 7/12, sd(Z2×Z2, S4) = 44/75, sd(S3, S4) = 4/9, sd(D8, S4) =
37/75 and sd(A4, S4) = 151/300. Hence sd(S4) = 1841/4500.

2.2.4 Factorization numbers

Let G be a group, L(G) be the subgroup lattice of G and H, K be two
subgroups of G. If G = HK, then G is said to be factorized by H and K
and the expression G = HK is said to be a factorization of G. Denote by
F2(G) the factorization number of G, that is the number of all factorizations
of G.

The starting point for our discussion is given by Saeedi and Farrokhi [74],
where F2(G) has been computed for certain classes of finite groups. In the
following we will present some results of [112], which give explicit expressions
of F2(G) for two classes of finite abelian groups. These improve the results
of [74].

The connection between F2(G) and the subgroup commutativity degree
sd(G) of G (see [100, 104]) is well-known, namely

sd(G) =
1

|L(G)|2
∑
H≤G

F2(H).

Obviously, by applying the Möbius inversion formula to the above equality,
one obtains

(1) F2(G) =
∑
H≤G

sd(H)|L(H)|2µ(H,G).

In particular, if G is abelian, then we have sd(H) = 1 for all H ∈ L(G), and
consequently

(2) F2(G) =
∑
H≤G

|L(H)|2µ(H,G) =
∑
H≤G

|L(G/H)|2µ(H).

This formula will be used in the following to calculate the factorization num-
bers of an elementary abelian p-group and of a rank 2 abelian p-group, im-
proving Theorem 1.2 and Corollary 2.5 of [74].

First of all, we recall a theorem due to P. Hall [37] (see also [38]), that
permits us to compute explicitly the Möbius function of a finite p-group.
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Theorem 1. Let G be a finite p-group of order pn. Then µ(G) = 0 unless

G is elementary abelian, in which case we have µ(G) = (−1)np (n2).

In contrast with Theorem 1.2 of [74] that gives only a recurrence relation
satisfied by F2(Znp ), n ∈ N, we are able to determine precise expressions of
these numbers.

Theorem 2. We have

(3) F2(Znp ) =
n∑
i=0

(−1)ian,p(i) a
2
n−i,p p

(i2),

where an,p(i) is the number of subgroups of order pi of Znp , an,p is the total

number of subgroups of Znp , and, by convention,
(
i
2

)
= 0 for i = 0, 1.

Proof. By using Theorem 1 in (2), it follows that

F2(Znp ) =
∑
H≤Znp

|L(Znp/H)|2µ(H) =
n∑
i=0

∑
H≤ Znp
|H|=pi

|L(Znp/H)|2µ(H) =

=
n∑
i=0

an,p(i)|L(Zn−ip )|2(−1)i p (i2) =
n∑
i=0

(−1)ian,p(i) a
2
n−i,p p

(i2),

as desired.

Since the numbers an,p(i), i = 0, 1, ..., n, are well-known (see e.g. Propo-
sition 3.1 of [102]), the equality (3) easily leads to the following values of
F2(Znp ) for n = 1, 2, 3, 4.

Examples.

(a) F2(Zp) = 3.

(b) F2(Z2
p) = p2 + 3p+ 5.

(c) F2(Z3
p) = 3p4 + 4p3 + 8p2 + 5p+ 7.

(d) F2(Z4
p) = p8 + 3p7 + 9p6 + 11p5 + 14p4 + 15p3 + 12p2 + 23p+ 9.

Next we compute the factorization number of a rank 2 abelian p-group.

Theorem 3. The factorization number of the finite abelian p-group Zpα1×
Zpα2 , α1 ≤ α2, is given by the following equality:

F2(Zpα1×Zpα2 ) =
1

(p− 1)4
[
(2α2 − 2α1 + 1)p2α1+4 − (6α2 − 6α1 + 1)p2α1+3+
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+(6α2 − 6α1 − 1)p2α1+2 − (2α2 − 2α1 − 1)p2α1+1 − (2α1 + 2α2 + 3)p3+

+(6α1 + 6α2 + 7)p2 − (6α1 + 6α2 + 5)p+ (2α1 + 2α2 + 1)
]
.

Proof. It is well-known that G = Zpα1×Zpα2 has a unique elementary abelian
subgroup of order p2, say M , and that

G/M ∼= Zpα1−1× Zpα2−1 .

Moreover, all elementary abelian subgroups of G are contained in M . Denote
by Mi, i = 1, 2, ..., p + 1, the minimal subgroups of G. Then every quotient
G/Mi is isomorphic to a maximal subgroup ofG and therefore we may assume
that

G/Mi
∼= Zpα1−1× Zpα2 for i = 1, 2, ..., p

and
G/Mp+1

∼= Zpα1× Zpα2−1 .

Clearly, the equality (2) becomes

F2(G) = |L(G/M)|2µ(M) +

p+1∑
i=1

|L(G/Mi)|2µ(Mi) + |L(G)|2µ(1),

in view of Theorem 1. Since by Theorem 2 we have µ(M) = µ(Z2
p) = p,

µ(Mi) = µ(Zp) = −1, for all i = 1, p+ 1, and µ(1) = 1, one obtains

(4) F2(G) = p|L(Zpα1−1× Zpα2−1)|2 − p|L(Zpα1−1× Zpα2 )|2−

−|L(Zpα1× Zpα2−1)|2 + |L(Zpα1× Zpα2 )|2.

The total number of subgroups of Zpα1×Zpα2 has been computed in Theorem
3.3 of [102], namely

1

(p−1)2
[
(α2−α1+1)pα1+2−(α2−α1−1)pα1+1−(α1+α2+3)p+(α1+α2 + 1)

]
.

Then the desired formula follows immediately by a direct calculation in the
right side of (4).

We remark that Theorem 3 gives a generalization of Corollary 2.5 of [74].
Indeed, by taking α1 = 1 and α2 = n in the above formula, one obtains:
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Corollary 4. F2(Zp × Zpn) = (2n− 1)p2 + (2n+ 1)p+ (2n+ 3) .

Finally, we will focus on the minimum/maximum of F2(G) when G be-
longs to the class of p-groups of order pn. It is easy to see that

2n+ 1 = F2(Zpn) ≤ F2(G).

For n ≤ 3 the greatest value of F2(G) is obtained for G ∼= Znp , as shows the
following result.

Theorem 5. Let G be a finite p-group of order pn. If n ≤ 3, then

F2(G) ≤ F2(Znp ).

Proof. For n = 2 we obviously have

F2(Zp2) = 5 < F2(Z2
p) = p2 + 3p+ 5.

For n = 3 it is well-known (see e.g. (4.13), [88], II) that G can be one of the
following groups:

– Z3
2, Z2 × Z4, Z8, D8 and Q8 if p = 2;

– Z3
p, Zp × Zp2 , Zp3 , M(p3) = 〈x, y | xp2 = yp = 1, y−1xy = xp+1〉 and

E(p3) = 〈x, y | xp = yp = [x, y]p = 1, [x, y] ∈ Z(E(p3))〉 if p ≥ 3.

By using the results in Section 2 of [74], one obtains

for p = 2 :

F2(Z3
2) = 129 > F2(Z2 × Z4) = 29, F2(Z8) = 7, F2(D8) = 41, F2(Q8) = 17

and
for p ≥ 3 :

F2(Z3
p) = 3p4 +4p3 +8p2 +5p+7 > F2(Zp×Zp2) = F2(M(p3)) = 3p2 +5p+7,

F2(Zp3) = 7.

We also observe that E(p3) has p+ 1 elementary abelian subgroups of order
p2, say M1,M2, ...,Mp+1, and that every Mi contains p+1 subgroups of order
p, namely Φ(E(p3)) and Mij, j = 1, 2, ..., p. Then |L(E(p3))| = p2 + 2p + 4
and so

F2(E(p3)) < |L(E(p3))|2 = p4 + 4p3 + 12p2 + 16p+ 16.
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On the other hand, we can easily see that this quantity is less than F2(Z3
p)

for all primes p ≥ 3, completing the proof.

Remark. It is clear that an explicit formula for F2(E(p3)) cannot be ob-
tained by applying (2), but we are able to determine it by a direct computa-
tion. The factorization pairs of E(p3) are:

– (1, E(p3)), (E(p3), 1);

– (Mij,Mi′) ∀ i′ 6= i, (Mij, E(p3)), (E(p3),Mij), i = 1, p+ 1, j = 1, p;

– (Φ(E(p3)), E(p3)), (E(p3),Φ(E(p3)));

– (Mi,Mi′j) ∀ i′ 6= i, j = 1, 2, ..., p, (Mi,Mi′) ∀ i′ 6= i, (Mi, E(p3)) and
(Mi, E(p3)), i = 1, p+ 1;

– (E(p3), E(p3)).

Hence

F2(E(p3)) = 2 + p(p+ 1)(p+ 2) + 2 + (p+ 1)(p2 + p+ 2) + 1 =

= 2p3 + 5p2 + 5p+ 7.

Inspired by Theorem 5, we came up with the following conjecture about
the maximum value of F2(G) on the class of p-groups of the same order,
which we have verified for several n ≥ 4 and particular values of p.

Conjecture 6. For every finite p-group G of order pn, we have

F2(G) ≤ F2(Znp ).

2.2.5 Normality and cyclicity degrees

Let G be a finite group. In the following we will present some results of
[116, 130] about the quantities

ndeg(G) =
|N(G)|
|L(G)|

and cdeg(G) =
|C(G)|
|L(G)|

,

which will be called the normality degree and the cyclicity degree of G.
Clearly, they constitute other significant probabilistic aspects on subgroup
lattices of finite groups, by measuring the probability of a random subgroup
of such a group to be normal and cyclic, respectively.
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Basic properties of normality/cyclicity degrees

First of all, we remark that both the normality degree ndeg(G) and the
cyclicity degree cdeg(G) of G satisfy the following relation

0 < ndeg(G), cdeg(G) ≤ 1.

Moreover, we have ndeg(G) = 1 if and only if all subgroups of G are normal
(i.e. G is a Dedekind group), while cdeg(G) = 1 if and only if G is cyclic.

As we have seen in [100], the normality degree and the subgroup commu-
tativity degree of G are connected by the inequality

(1) ndeg(G) ≤ sd(G).

Clearly, this becomes an equality if and only if for every subgroup H of G the
set C(H) consisting of all subgroups of G which commute with H coincides
with N(G). Since H itself is contained in C(H), it must be normal and so
G is a Dedekind group. Hence the following result holds.

Proposition 1. Let G be a finite group. Then the following conditions are
equivalent:

(a) ndeg(G) = 1.

(b) ndeg(G) = sd(G).

(c) G is a Dedekind group.

Let S be a set of representatives for the conjugacy classes of subgroups
of G with at least two elements. Then

|L(G)| = |N(G)|+
∑
H∈S

|G : NG(H)|,

which implies that

(2) ndeg(G) =
|N(G)|

|N(G)|+
∑
H∈S

|G : NG(H)|
.

This equality can be used to calculate the normality degree of finite groups
whose conjugacy classes of subgroups are completely determined. The sim-
plest examples are constituted by the symmetric groups S3 and S4, for which
one obtains

ndeg(S3) =
1

2
and ndeg(S4) =

2

15
.
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In particular, if G is a finite p-group, (2) leads us to an inequality satisfied
by ndeg(G), namely

ndeg(G) ≤ |N(G)|
|N(G)|+ p |S|

.

In many situations computing the normality degree of a finite group is
reduced to computing the number of all its subgroups. One of them is consti-
tuted by finite groups with few normal subgroups, as the symmetric groups.

Example. The following equality holds

ndeg(Sn) =
3

|L(Sn)|
, for all n ≥ 5.

Mention that we also have

ndeg(Sn × Sn) =
10

|L(Sn × Sn)|
, for all n ≥ 5,

and a formula for ndeg(Skn) which depends only on |L(Skn)| can be easily
inferred, according to [66].

We observe next that several finite non-cyclic groups, as S3, satisfy the
property that all their proper subgroups are cyclic. Let G be such a group
which is not a p-group. Then, by Theorem 1.2 of [111], there are two primes
p, q, and a positive integer n such that G is a certain semidirect product of
a normal subgroup of order p by a cyclic subgroup of order qn. We are also
able to determine the finite p-groups satisfying the above property.

Lemma 2. Let G be a finite non-cyclic p-group and assume that all proper
subgroups of G are cyclic. Then either G ∼= Zp × Zp for some prime p or
G ∼= Q8.

Proof. Let M1 be a minimal normal subgroup of G. If there is M2 ∈ L(G),
M2 6= M1, with |M2| = p, then G will contain the non-cyclic subgroup
M1M2

∼= Zp × Zp. It follows that G = M1M2 and so G ∼= Zp × Zp. If M1 is
the unique subgroup of order p in G, then, by (4.4) of [44], II, G is isomorphic
with a generalized quaternion group

Q2n = 〈a, b | a2n−2

= b2, a2
n−1

= 1, b−1ab = a−1〉, n ≥ 3.

Let H = 〈a2, b〉 ∼= Q2n−1 . Clearly, H is a proper non-cyclic subgroup of G for
n ≥ 4. Hence n = 3, i.e. G ∼= Q8.
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Consequently, we have proved the following proposition.

Proposition 3. Let G be a finite group. Then

cdeg(G) =
|L(G)| − 1

|L(G)|

if and only if G is either a certain semidirect product of a normal subgroup of
order p by a cyclic subgroup of order qn (p, q primes, n ∈ N∗), an elementary
abelian p-group of rank two or the quaternion group Q8.

In the following assume that G and G′ are two finite groups. It is ob-
vious that if G ∼= G′, then ndeg(G) = ndeg(G′) and cdeg(G) = cdeg(G′).
In particular, we infer that any two conjugate subgroups of a finite group
have the same normality/cyclicity degree. If G and G′ are only lattice-
isomorphic, then the conclusion cdeg(G) = cdeg(G′) remains true because
L-isomorphisms preserve cyclic subgroups, while the conclusion ndeg(G) =
ndeg(G′) can fail, as shows the next example.

Example. Let G be the finite elementary abelian 3-group Zn3 (where n ≥ 2)
and G′ be a semidirect product of an elementary abelian normal subgroup
A of order 3n−1 by the group B ∼= Z2 which induces a nontrivial power
automorphism on A. Then both G and G′ are contained in the class P (n, 3)
(see [75], page 49) and so they are L-isomorphic. We have ndeg(G) = 1,
because G is abelian. On the other hand, in Section 2 of [100] we have
proved that sd(G′) < 1. This implies that ndeg(G′) < 1, in view of (1).
Hence ndeg(G) 6= ndeg(G′).

By a direct calculation, one obtains

ndeg(S3 × Z2) =
7

16
6= 1

2
= ndeg(S3)ndeg(Z2)

and

cdeg(S3 × Z2) =
5

8
6= 5

6
= cdeg(S3)cdeg(Z2).

Consequently, in general we don’t have ndeg(G×G′) = ndeg(G)ndeg(G′) or
cdeg(G × G′) = cdeg(G)cdeg(G′). Clearly, a sufficient condition in order to
these equalities hold is

(|G|, |G′|) = 1,

that is G and G′ are of coprime orders. This remark can be extended to an
arbitrary finite direct products.
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Proposition 4. Let (Gi)i=1,k be a family of finite groups having coprime
orders. Then

ndeg(
k∏
i=1

Gi) =
k∏
i=1

ndeg(Gi) and cdeg(
k∏
i=1

Gi) =
k∏
i=1

cdeg(Gi).

The following immediate consequence of Proposition 4 shows that com-
puting the normality/cyclicity degree of a finite nilpotent group is reduced
to finite p-groups.

Corollary 5. If G is a finite nilpotent group and (Gi)i=1,k are the Sylow
subgroups of G, then

ndeg(G) =
k∏
i=1

ndeg(Gi) and cdeg(G) =
k∏
i=1

cdeg(Gi).

Normality/cyclicity degrees for some classes of finite groups

• Normality degrees

In the following we will determine explicitly the normality degree of se-
veral finite groups. The most significant results are obtained for dihedral
groups, P -groups and p-groups possessing a cyclic maximal subgroup.

First of all, we take a look to some semidirect products. Let p be a
prime, n ≥ 2 be an integer such that p - n and f : Zp −→ Aut(Zn) be a

group homomorphism. Put k̂0 = f(1̄)(1̂) and suppose that k0 6= 1. Then we
have (k0, n) = 1 and

f(x̄)(ŷ) = kx0 ŷ, for any x̄ ∈ Zp, ŷ ∈ Zn.

Denote by G be the semidirect product of Zp and Zn with respect to f .
Recall that the operation of G is defined by

(x̄1, ŷ1) · (x̄2, ŷ2) = (x̄1 + x̄2, k
x2
0 ŷ1 + ŷ2), for all (x̄1, ŷ1), (x̄2, ŷ2) ∈ G.

It is well-known that the maps

σ1 : Zp −→ G, σ1(x̄) = (x̄, 0̂), for any x̄ ∈ Zp ,
σ2 : Zn −→ G, σ2(ŷ) = (0̄, ŷ), for any ŷ ∈ Zn ,
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are injective group homomorphisms. Moreover, if H = σ1(Zp) and K =
σ2(Zn), then H is a subgroup of G and K is a normal subgroup of G, which
satisfy

G = HK, H ∩K = {(0̄, 0̂)}.

Our goal is to compute explicitly the normality degree of G. We start by
indicating a precise description of L(G) (for more details, see Section 3.2 of
[90]). Let G1 be a subgroup of G. Then |G1| is a divisor of pn.

In the case when p - |G1| we shall prove that G1 ⊆ K. Indeed, if we
assume that G1 * K, then we have K ⊂ G1K ⊆ G and so the index
|G1K : K| of K in G1K is ≥ 2. Since p = |G : K| = |G : G1K||G1K : K| is
a prime, one obtains |G1K : K| = p and |G : G1K| = 1, i.e. G1K = G. It
results

G1/G1 ∩K ∼= G1K/K = G/K,

which shows that |G1/G1 ∩ K| = p and therefore p | |G1|, a contradiction.
Hence

(3) G1 ∈ L(K) = L(σ2(Zn)) = σ2(L(Zn)).

In the case when p | |G1| at least a subgroup of order p is contained in
G1. Let {H1 = H,H2, ..., Hnp} be the set of all Sylow p-subgroups of G,
where np = |G : NG(H)|. By a direct calculation, the normalizer NG(H) of
H in G can be easily determined.

Lemma 6. The following equality holds

NG(H) = { (x̄, ŷ) ∈ G | x̄ ∈ Zp, ŷ∈ 〈
n̂

d
〉},

where d = (k0 − 1, n).

Then np =
n

d
=

n

(k0 − 1, n)
. For every i ∈ {1, 2, ..., np} there exists zi ∈ G

(z1 = (0̄, 0̂)) such that Hi = Hzi . One obtains

G = Gzi = (HK)zi = HziKzi = HiK, i = 1, 2, ..., np .

Suppose that Hi ⊆ G1 for some i ∈ {1, 2, ..., np}. It results G1 = G1 ∩ G =
G1 ∩ (HiK) = Hi(G1 ∩K) and thus G1 is contained in the set

(4) A={Hziσ2(〈
n̂

k
〉)| k|n, i = 1, np }={(Hσ2(〈

n̂

k
〉))zi | k|n, i = 1, np }.
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In order to determine the number of elements of A, we need to compute
the normalizer in G of such an element.

Lemma 7. If k is a divisor of n, then

NG(Hσ2(〈
n̂

k
〉)) = { (x̄, ŷ) ∈ G | x̄ ∈ Zp, ŷ ∈ 〈

n̂

ε(k)
〉},

where ε(k) = (k(k0 − 1), n).

From Lemma 7 we easily infer that

(5) |A| =
∑
k|n

ε(k)

(k0 − 1, n)
=
∑
k|n

(
k,

n

(k0 − 1, n)

)
.

Now, by using the relations (3), (4) and (5), we are able to describe the
subgroup structure of G.

Proposition 8. The subgroup lattice L(G) of the above semidirect product
G is given by the following equality:

L(G) = σ2(L(Zn)) ∪ A.

Moreover, the total number of subgroups of G is

|L(G)| = τ(n) +
∑
k|n

(
k,

n

(k0 − 1, n)

)
,

where τ(n) denotes the number of all divisors of n.

Clearly, the normal subgroups of G are all subgroups contained in K and
G itself, that is

N(G) = σ2(L(Zn)) ∪ {G},
and therefore

|N(G)| = τ(n) + 1.

Hence we have proved the following theorem.

Theorem 9. The normality degree of the above semidirect product G is given
by the following equality:

(6) ndeg(G) =
τ(n) + 1

τ(n) +
∑
k|n

(
k,

n

(k0 − 1, n)

) .
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Remark. Let r =
n

(k0 − 1, n)
. Then 1 ≤ (k, r) ≤ k, r, for all divisors k of

n. So, by (6) we infer that ndeg(G) satisfies the following inequalities:

(7) ndeg(G) ≤ τ(n) + 1

2τ(n)
,

(8) ndeg(G) ≥ τ(n) + 1

τ(n) + σ(n)
,

(9) ndeg(G) ≥ τ(n) + 1

τ(n)(r + 1)
>

1

r + 1
.

Next, let us assume that p = 2 and k0 = n−1. Then the group G studied
above is the dihedral group D2n = 〈x, y | xn = y2 = 1, yxy = x−1〉. Since n
is odd, it results (k0 − 1, n) = (n− 2, n) = 1 and so∑

k|n

(
k,

n

(k0 − 1, n)

)
=
∑
k|n

(k, n) = σ(n),

where σ(n) denotes the sum of all divisors of n. Thus, (6) leads us to

(10) ndeg(D2n) =
τ(n) + 1

τ(n) + σ(n)
,

that is (8) becomes an equality for G = D2n with n odd.
A similar formula can be also obtained for even positive integers n. In

this case it is well-known that we have

N(D2n) = L(〈x〉) ∪ {D2n, 〈x2, y〉, 〈x2, xy〉}

and therefore

(11) ndeg(D2n) =
τ(n) + 3

τ(n) + σ(n)
.

Hence (10) and (11) imply the following result.
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Corollary 10. The normality degree of the dihedral group D2n is given by
the following equality:

(12) ndeg(D2n) =


τ(n) + 1

τ(n) + σ(n)
, if n is odd

τ(n) + 3

τ(n) + σ(n)
, if n is even .

Remark. A simple arithmetic exercise shows that τ(n) + 2 ≤ σ(n), for all
odd positive integers n 6= 1, and τ(n)+6 ≤ σ(n), for all even positive integers
n 6= 2, 4. These inequalities give us an upper bound for the normality degree
of D2n, namely

ndeg(D2n) ≤ 1

2
,

for all n 6= 2, 4. Mention also that we have ndeg(D2n) =
1

2
if and only if n = 3,

that is in the class of finite dihedral groups only D6 (which is isomorphic to

S3) has the normality degree
1

2
.

Notice that the normality degrees of other semidirect products of finite
groups can be also computed. Such examples are constituted by ZM -groups
and P -groups. The subgroups of ZM(m,n, r) have been counted in [21]:

|L(ZM(m,n, r))| =
∑
m1|m

∑
n1|n

(
m1,

rn − 1

rn1 − 1

)
,

while the number of normal subgroups of ZM(m,n, r) has been determined
in [118]:

|N(ZM(m,n, r))| =
∑
n1|n

τ((m, rn1 − 1)) .

In this way, the following result holds.

Theorem 11. The normality degree of ZM(m,n, r) is given by the following
equality:

(13) ndeg(ZM(m,n, r)) =

∑
n1|n

τ((m, rn1 − 1))

∑
m1|m

∑
n1|n

(
m1,

rn − 1

rn1 − 1

) .
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We remark that, by taking n = 2 and r = m− 1 with m odd in (13), the
previous formula (10) is obtained. This is not a surprise, according to the
group isomorphism ZM(m, 2,m− 1) ∼= D2m.

We are also able to determine the normality degree of finite P -groups.

Theorem 12. The normality degree of Gn,p is given by the following equality:

ndeg(Gn,p) =
1 + an−1,p

an,p
,

where an,p denotes the total number of subgroups of Znp .

Next we will focus on the normality degree of finite p-groups possessing a
cyclic maximal subgroup, which have been described exhaustively in Section
2.2.3. One need first to count the subgroups of these groups.

Lemma 13. The following equalities hold:

(a) |L(M(pn))| = (1 + p)n+ 1− p ,

(b) |L(D2n)| = 2n + n− 1 ,

(c) |L(Q2n)| = 2n−1 + n− 1 ,

(d) |L(S2n)| = 3 · 2n−2 + n− 1 .

In order to compute the normality degree of the above groups, we need
to know the number of their normal subgroups. Our reasoning is founded
on the following simple remark: such a group G possesses a unique normal
subgroup of order p, namely 〈xq〉 (where q = pn−2 and x denotes a generator
of a cyclic maximal subgroup of G). We infer that there exists a bijection
between the set of nontrivial normal subgroups of G and N(G/〈xq〉), that is

(14) |N(G)| = 1 + |N(G/〈xq〉)|.

For G = M(pn), the minimal normal subgroup 〈xq〉 is in fact the commu-
tator subgroup M(pn)′ of M(pn) and we have

M(pn)/M(pn)′ ∼= Zp × Zpn−2 .

Since Zp × Zpn−2 is abelian, the number of its normal subgroups coincides
with the number of all its subgroups. Put xn = |L(Zp×Zpn−2)|. This number
can be determined by Theorem 8 of Section 2.2.1, namely

xn =
1

(p−1)2
[
(n− 2)p3−(n− 4)p2−(n+ 2)p+n

]
= (1 + p)n− 2p.
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So, (14) becomes

|N(M(pn))| = 1 + xn = (1 + p)n+ 1− 2p.

For every G ∈ {D2n , Q2n , S2n} the minimal normal subgroup 〈xq〉 coin-
cides with the center Z(G) of G and we have

G/Z(G) ∼= D2n−1 ,

therefore

|N(G)| = 1 + |N(D2n−1)|.

Let G = D2n−1 in the above equality and set yn = |N(D2n−1)|. Then
the integer sequence (yn)n∈N∗ satisfies the recurrence relation yn = 1 + yn−1,
which shows that yn = n+ 3, for any n ∈ N∗. Thus

|N(G)| = 1 + yn−1 = yn = n+ 3,

for all above 2-groups G. Hence we have proved the following result.

Lemma 14. The following equalities hold:

(a) |N(M(pn))| = (1 + p)n+ 1− 2p ,

(b) |N(G)| = n+ 3, for all G ∈ {D2n , Q2n , S2n}.

Now, it is clear that Lemmas 13 and 14 imply the next theorem.

Theorem 15. The normality degrees of the non-abelian p-groups possessing
a cyclic maximal subgroup are given by the following equalities:

1. ndeg(M(pn)) =
(1 + p)n+ 1− 2p

(1 + p)n+ 1− p
,

2. ndeg(D2n) =
n+ 3

2n + n− 1
,

3. ndeg(Q2n) =
n+ 3

2n−1 + n− 1
,

4. ndeg(S2n) =
n+ 3

3 · 2n−2 + n− 1
.
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Remark. The normality degree of the dihedral group D2n can also be di-
rectly computed by using Corollary 10:

ndeg(D2n) =
τ(2n−1) + 3

τ(2n−1) + σ(2n−1)
=

n+ 3

2n + n− 1
.

The following limits are immediate from Theorem 15.

Corollary 16. We have:

(a) lim
n→∞

ndeg(M(pn)) = 1, for any fixed prime p.

(b) lim
n→∞

ndeg(G) = 0, for all G ∈ {D2n , Q2n , S2n}.

Clearly, the normality degree of any finite nilpotent group whose Sylow
subgroups belong to the above class of p-groups can explicitly be calculated,
in view of Corollary 5.

• Cyclicity degrees

In order to determine the cyclicity degree of a finite group G it is essential
to find the number of its cyclic subgroups and this is strongly connected with
the number of elements of certain orders in G. Put |G| = n and denote
nd = |{H ∈ C(G) | |H| = d}|, for every divisor d of n. Then

(15) n =
∑
d|n

ndϕ(d),

where ϕ is the well-known Euler’s totient function, and

(16) |C(G)| =
∑
d|n

nd.

In many particular cases the above two equalities lead to a precise expression
of |C(G)|. For example, if G is an elementary abelian p-group of rank k (that

is n = pk), then we can easily obtain n1 = 1, np =
pk − 1

p− 1
and np2 = np3 =

· · · = npk = 0. So, we have

|C(Zkp)| = 2 + p+ p2 + · · ·+ pk−1,
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which together with the well-known formula of |L(Zkp)| (see Proposition 6 of
Section 2.2.1) allow us to determine cdeg(Zkp).
Proposition 17. The cyclicity degree of the elementary abelian p-group Zkp
is given by the following equality:

cdeg(Zkp) =
2 + p+ p2 + · · ·+ pk−1

2 +
k−1∑
α=1

∑
1≤i1<i2<...<iα≤k

pi1+i2+...+iα−
α(α+1)

2

.

By Proposition 17 we easily infer that

lim
k→∞

cdeg(Zkp) = 0,

for every fixed prime p. This proves the following corollary.

Corollary 18. inf{ cdeg(G) | G = finite group} = 0.

Next, we will focus on computing the cyclicity degree of finite abelian
groups. According to Corollary 5, the study can be reduced to p-groups. By
the fundamental theorem of finitely generated abelian groups, such a group
has a direct decomposition of type

Zpα1 × Zpα2 × ...× Zpαk ,

where p is a prime and 1 ≤ α1 ≤ α2 ≤ ... ≤ αk.
First of all, assume that k = 2. Then Theorems 8 and 12 of Section 2.2.1

lead to the following result.

Theorem 19. The cyclicity degree of the abelian p-group Zpα1×Zpα2 is given
by the following equality:

cdeg(Zpα1×Zpα2 )=
(p−1)2 [2 + 2p+ · · ·+ 2pα1−1 + (α2−α1+1)pα1 ]

(α2−α1+1)pα1+2−(α2−α1−1)pα1+1−(α1+α2+3)p+(α1+α2+1)
.

For an arbitrary k, a similar formula is more difficult to be obtained. It
is well-known that |L(Zpα1 ×Zpα2 × ...×Zpαk )| can recursively be computed
(excepting several particular cases, as that in Proposition 5, where we have
explicit formulas), while

|C(Zpα1 × Zpα2 × ...× Zpαk )| =
αk∑
α=1

pαhk−1p (α)− pα−1hk−1p (α− 1)

pα − pα−1
,
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where

hk−1p (α) =


p(k−1)α, if 0 ≤ α ≤ α1

p(k−2)α+α1 , if α1 ≤ α ≤ α2
...
pα1+α2+...+αk−1 , if αk−1 ≤ α

(see Theorem 13 of Section 2.2.1). More precisely, one obtains

|C(Zpα1 × Zpα2 × ...× Zpαk )| = 1 + (αk − αk−1)pα1+α2+···+αk−1+

+
1

p− 1

k−1∑
i=1

pα1+α2+···+αi−1
pk−i+1

pk−i
(
p(k−i)αi − p(k−i)αi−1

)
.

Remark. Since the cyclic subgroup structure of a finite group is preserved by
L-isomorphisms, we remark that the above formulas can be used to compute
the cyclicity degree of groups which are L-isomorphic with finite abelian
groups. For example, the cyclicity degrees of P -groups can be found by
Proposition 17.

Another class of groups for which we are able to compute the cyclicity
degree consists of hamiltonian groups. Recall that such a group is of type

H ∼= Q8 × Zn2 × A

where A is an abelian group of odd order. By Corollary 5, we infer that

cdeg(H) = cdeg(Q8 × Zn2 )cdeg(A),

which shows that the computation of cdeg(H) is reduced to the computation
of cdeg(Q8×Zn2 ). The number of subgroups of Q8×Zn2 has been determined
in Lemma 4 of Section 2.2.2:

|L(Q8 × Zn2 )|= bn,2= 2n+2+1+8
n−2∑
α=0

(2n−α−22α+1+2α)aα,2+2n+2an−1,2+an,2,

where aα,2 = |L(Zα2 )|, for all α ∈ N∗. Moreover, (15) and (16) become in this
case

2n+3 =
∑
d|2n+3

ndϕ(d) and |C(Q8 × Zn2 )| =
∑
d|2n+3

nd,
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respectively. Since n1 = 1 and n2i = 0, for all i ≥ 3, one obtains

2n+3 = 1 + n2 + 2n4 and |C(Q8 × Zn2 )| = 1 + n2 + n4.

These show that
|C(Q8 × Zn2 )| = 2n+3 − n4.

Clearly, the cyclic subgroups of order 4 of Q8×Zn2 are of type 〈(x, y)〉, where
x ∈ Q8 has order 4 and y ∈ Zn2 is arbitrary. We infer that n4 = 3 · 2n and so

|C(Q8 × Zn2 )| = 5 · 2n.

Hence we have proved the following result.

Theorem 20. The cyclicity degree of the hamiltonian group H ∼= Q8×Zn2×A
is given by the following equality:

cdeg(H) =
5 · 2n

bn,2
cdeg(A).

The cyclicity degree of finite p-groups possessing a cyclic maximal sub-
group can be also easily determined. Recall that the total number of sub-
groups of these groups is given by Lemma 13. The computation of their
cyclic subgroups can be made by using the well-known Inclusion-Exclusion
Principle (IEP, in short).

M(pn) has p + 1 maximal subgroups: M0 = 〈x〉, M1 = 〈xy〉, ..., Mp−1 =
〈xp−1y〉 and Mp = 〈xp, y〉. Moreover, Mi

∼= Zpn−1 , for i = 0, 1, ..., p − 1,
Mp = 〈xp, y〉 ∼= Zpn−2 × Zp and any intersection of at least two distinct such
subgroups is isomorphic to Zpn−2 . We infer that

|C(M(pn))| = |
p⋃
i=0

C(Mi)| =

=

p∑
i=0

|C(Mi)|−
∑

0≤i1<i2≤p

|C(Mi1∩Mi2)|+· · ·+(−1)p|
p⋂
i=0

C(Mi)| =

= p|C(Zpn−1)|+ |C(Zpn−2×Zp)|− |C(Zpn−2)|
p+1∑
i=2

(−1)i
(
p+ 1

i

)
=

= np+ (n− 2)p+ 2− (n− 1)p = (n− 1)p+ 2,

which leads to the following theorem.
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Theorem 21. The cyclicity degree of M(pn) is

cdeg(M(pn)) =
(n− 1)p+ 2

(n− 1)p+ n+ 1
.

Corollary 22. We have:

(a) lim
n→∞

cdeg(M(pn)) =
p

p+ 1
, for every fixed prime p.

(b) lim
p→∞

cdeg(M(pn)) = 1.

D2n has 3 maximal subgroups: M0 = 〈x〉 ∼= Z2n−1 , M1 = 〈x2, y〉 ∼= D2n−1

and M2 = 〈x2, xy〉 ∼= D2n−1 . By applying IEP, one obtains the recurrence
relation

|C(D2n)| = 2|C(D2n−1)|+ 2− n,

which implies that
|C(D2n)| = 2n−1 + n.

So, we have:

Theorem 23. The cyclicity degree of D2n is

cdeg(D2n) =
2n−1 + n

2n + n− 1
.

Corollary 24. lim
n→∞

cdeg(D2n) =
1

2
.

Q2n has 3 maximal subgroups: M0
∼= Z2n−1 and M1,M2

∼= Q2n−1 . By
applying again IEP, we find the following recurrence relation

|C(Q2n)| = 2|C(Q2n−1)|+ 2− n,

proving that
|C(Q2n)| = 2n−2 + n.

In this way, one obtains:

Theorem 25. The cyclicity degree of Q2n is

cdeg(Q2n) =
2n−2 + n

2n−1 + n− 1
.
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Corollary 26. lim
n→∞

cdeg(Q2n) =
1

2
.

S2n has 3 maximal subgroups: M0
∼= Z2n−1 , M1

∼= D2n−1 and M2
∼= Q2n−1 .

In this case IEP leads directly to an explicit formula for the number of cyclic
subgroups of S2n , namely

|C(S2n)| = |C(Z2n−1)|+ |C(D2n−1)|+ |C(Q2n−1)| − 2|C(Z2n−2)| =

= 3 · 2n−3 + n.

Consequently, we get the following theorem.

Theorem 27. The cyclicity degree of S2n is

cdeg(S2n) =
3 · 2n−3 + n

3 · 2n−2 + n− 1
.

Corollary 28. lim
n→∞

cdeg(S2n) =
1

2
.

We observe again that the cyclicity degree of any finite nilpotent group
whose Sylow subgroups are of the above types can explicitly be calculated,
in view of Corollary 5.

Finally, we will compute the cyclicity degree of ZM -groups. Under the
notation of Section 2.1.5, we know that

|L(ZM(m,n, r))| = |L| =
∑
m1|m

∑
n1|n

gcd

(
m1,

rn − 1

rn1 − 1

)
.

On the other hand, we easily infer that a subgroupH(m1,n1,s)∈L(ZM(m,n, r))

is cyclic if and only if
m

m1

| rn1 − 1. This shows that

C(ZM(m,n, r)) =
{
H(m1,n1,s) ∈ L(ZM(m,n, r)) | (m1, n1, s) ∈ L′

}
,

where

L′ =

{
(m1, n1, s) ∈ L | m

m1

| rn1 − 1

}
.

Hence the following result holds.
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Theorem 29. The cyclicity degree of ZM(m,n, r) is given by the following
equality:

cdeg(ZM(m,n, r)) =
| L′ |∑

m1|m

∑
n1|n

gcd

(
m1,

rn − 1

rn1 − 1

) .

Unfortunately, we are not able to give a precise formula for |L′|, but this
can be made in several particular cases. One of them is obtained by taking
n = 2, m ≡ 1 (mod 2) and r = −1, that is for the dihedral group D2m. We
already know that

|L(D2m)| = τ(m) + σ(m),

where τ(m) and σ(m) denote the number and the sum of all divisors of m,
respectively. We also have

L′ = {(m1, 1, s) ∈ L | s < m} ∪ {(m1, 2, s) ∈ L | m1 |m} ,

proving that

cdeg(D2m) =
m+ τ(m)

τ(m) + σ(m)
, for m odd.

We can easily see that this formula is also true for m even. In this way, we
obtain the following corollary.

Corollary 30. The cyclicity degree of the dihedral group D2m is given by the
following equality:

cdeg(D2m) =
m+ τ(m)

τ(m) + σ(m)
.

We end this section by the remark that the above formula remains true
for arbitrary primes n, not only for n = 2.

A density result of normality degrees

As we have seen above, there are some sequences of finite groups (Gn)n∈N
satisfying lim

n→∞
ndeg(Gn) ∈ {0, 1}. In this section our purpose is to extend

this result by proving that each x in the interval [0,1] is the limit of a certain
sequence of normality degrees of finite groups.

First of all, we will prove this result for rational numbers in [0,1].
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Theorem 31. For every x ∈ [0, 1] ∩ Q there exists a sequence (Gn)n∈N of
finite groups such that lim

n→∞
ndeg(Gn) = x.

Proof. For x = 0 and x = 1 our statement is already verified in the previous
section, by taking Gn = D2n (or Gn = Q2n , or Gn = S2n) and Gn = M(pn),

respectively. Let x ∈ (0, 1) ∩ Q. Then x =
a

b
, where a, b ∈ N∗ and a < b.

Denote by (pn)n∈N the sequence of the prime numbers and choose the disjoint
strictly increasing subsequences (k1n), (k2n), ..., (kb−an ) of N. We also consider
Gi = M(pa+i+1

kin
), i = 1, 2, ..., b− a. Then the normality degree of Gi is given

by

ndeg(Gi) =
(a+ i− 1)pkin + a+ i+ 2

(a+ i)pkin + a+ i+ 2

and we have

lim
n→∞

ndeg(Gi) =
a+ i− 1

a+ i
,

for all i = 1, b− a. Let G =
∏b−a

i=1 Gi. From Corollary 5 it results

ndeg(G) =
b−a∏
i=1

ndeg(Gi).

Hence

lim
n→∞

ndeg(Gn) =
b−a∏
i=1

lim
n→∞

ndeg(Gi) =
b−a∏
i=1

a+ i− 1

a+ i
=
a

b
= x,

which completes the proof.

Since the set [0, 1] ∩ Q is dense in [0,1], by Theorem 31 we infer the
following corollary.

Corollary 32. For every x ∈ [0, 1] there exists a sequence (Gn)n∈N of finite
groups such that lim

n→∞
ndeg(Gn) = x.

Let a, b ∈ N∗ with a < b. In general, there is no finite group G satisfying
both equalities

|N(G)| = a and |L(G)| = b.

The above system has no solution G even in the particular case when b =
a+ 1. In contrast with this statement, for several values of a we are able to
construct finite groups G such that

ndeg(G) =
a

a+ 1
.
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For example, we have

ndeg(S3) =
1

2
and ndeg(M(54)) =

3

4
.

More generally, a fraction
a

a+ 1
is the normality degree of a finite p-group

of type M(pn) if and only if there is a prime q such that q + 1 divides a+ 3.
Inspired by these examples, we came up with the following conjecture.

Conjecture 33. For every a ∈ N∗ there exists a finite group G such that

ndeg(G) =
a

a+ 1
.

Finally, notice that it is natural to generalize Conjecture 33 in the follo-
wing manner.

Conjecture 34. For every x ∈ (0, 1] ∩Q there exists a finite group G such
that ndeg(G) = x.

Some minimality/maximality results on cyclicity degrees

We know that the computation of cyclic subgroups and of cyclicity degrees
of abelian groups is reduced to abelian p-groups. In this section we are
interested to study when for an abelian p-group Zpα1 × Zpα2 × ... × Zpαk of

a given order pn (that is,
∑k

i=1 αi = n) the number of cyclic subgroups and
the cyclicity degree are minim/maxim.

We suppose first that k = 2. Then we have

|C(Zpα1 × Zpα2 )| = 2 + 2p+ · · ·+ 2pα1−1 + (α2 − α1 + 1)pα1 =

= 2 + 2p+ · · ·+ 2pα1−1 + (n− 2α1 + 1)pα1 ,

in view of the equality α1 + α2 = n. By studying the above expression
as a function in α1, we easily infer that it is strictly increasing. Therefore
|C(Zpα1 × Zpα2 )| is minim for α1 = 1 and maxim for α1 = [n/2] (in other
words, α1 and α2 tend to be equal).

In order to study the cyclicity degree of Zpα1 × Zpα2 , we remark that the
formula in Theorem 19 can be rewritten as

cdeg(Zpα1 × Zpα2 )=
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=
(α2−α1+1)pα1+2−2(α2−α1)p

α1+1+(α2−α1−1)pα1−2p+2

(α2−α1+1)pα1+2−(α2−α1−1)pα1+1−(α1+α2+3)p+(α1+α2+1)
=

=1−1

p

[
1− (α1+α2+1)p2−2(α1+α2+2)p+(α1+α2+1)

(α2−α1+1)pα1+2−(α2−α1−1)pα1+1−(α1+α2+3)p+(α1+α2+1)

]
=

= 1−1

p

[
1− (n+1)p2−2(n+2)p+(n+1)

(n−2α1+1)pα1+2−(n−2α1−1)pα1+1−(n+3)p+(n+1)

]
.

The last expression is in this case a strictly decreasing function in α1, which
shows that cdeg(Zpα1 ×Zpα2 ) is minim for α1 = [n/2] and maxim for α1 = 1.
Hence we have proved the following theorem.

Theorem 35. In the class of abelian p-groups G of rank 2 and order pn, we
have that:

(a) |C(G)| is minim (maxim) if and only if G ∼= Zp × Zpn−1 (respectively
G ∼= Zp[n/2] × Zpn−[n/2]);

(b) cdeg(G) is minim (maxim) if and only if G ∼= Zp[n/2]×Zpn−[n/2] (respec-
tively G ∼= Zp × Zpn−1).

Remark. The above expression also shows that the cyclicity degree of an
abelian p-groups of rank 2 and fixed order depends only on its number of
subgroups.

In the general case we have explicit formulas for the numbers of cyclic
subgroups of abelian p-groups of rank k and order pn, but not for their
cyclicity degrees. Nevertheless, inspired by several particular cases, we came
up with the following conjecture.

Conjecture 36. In the class of abelian p-groups G ∼= Zpα1 ×Zpα2 × ...×Zpαk
of order pn, we have that:

(a) |C(G)| is maxim when α1, α2, ..., αk tend to be equal;

(b) cdeg(G) is maxim if and only if α1 = α2 = ... = αk−1 = 1 and αk =
n− k.

Next, we will focus on the similar problems under the (natural) assump-
tion that the rank k is not fixed. The number of cyclic subgroups and the
cyclicity degree of abelian p-groups of order pn, n = 0, 1, 2, 3, 4, can be ex-
plicitly computed, namely
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- |C(Zp)| = 2,

- |C(Zp2)| = 3, |C(Zp × Zp)| = p+ 2,

- |C(Zp3)| = 4, |C(Zp × Zp2)| = 2p+ 2, |C(Zp × Zp × Zp)| = p2 + p+ 2,

- |C(Zp4)| = 5, |C(Zp × Zp3)| = 3p + 2, |C(Zp2 × Zp2)| = p2 + 2p + 2,
|C(Zp×Zp×Zp2)| = 2p2+p+2, |C(Zp×Zp×Zp×Zp)| = p3+p2+p+2,

and

- cdeg(Zp) = 1,

- cdeg(Zp2) = 1, cdeg(Zp × Zp) =
p+ 2

p+ 3
,

- cdeg(Zp3) = 1, cdeg(Zp × Zp2) =
p+ 1

p+ 2
, cdeg(Zp × Zp × Zp) =

1

2
,

- cdeg(Zp4) = 1, cdeg(Zp×Zp3) =
3p+ 2

3p+ 5
, cdeg(Zp2×Zp2) =

p2 + 2p+ 2

p2 + 3p+ 5
,

cdeg(Zp × Zp × Zp2) =
2p2 + p+ 2

5p2 + 3p+ 5
, cdeg(Zp × Zp × Zp × Zp) =

p3 + p2 + p+ 2

p4 + 3p3 + 4p2 + 3p+ 5
,

respectively. A direct comparison between these quantities leads us to the
following conjecture.

Conjecture 37. In the class of abelian p-groups G of order pn, we have
that:

(a) |C(G)| is maxim if and only if G ∼= Znp ;

(b) cdeg(G) is minim if and only if G ∼= Znp .

Finally, we notice that the problem of finding a group G of a given order
with |C(G)| or cdeg(G) minim/maxim is also interesting in the most general
case, that is for arbitrary groups.
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2.3 Other posets associated to finite groups

2.3.1 Posets of element orders

In this section we prove several results about the poset of element orders
of a finite group. These have been published in [110, 114], [107] and [126],
respectively.

Sums and products of element orders of finite abelian groups

Let G be a finite group. First of all, we will study the function

ψ(G) =
∑
a∈G

o(a),

where o(a) denotes the order of a ∈ G. The starting point for our discussion
is given by the papers [1, 2] which investigate the minimum/maximum of ψ
on the groups of the same order.

Recall that the function ψ is multiplicative, that is if G1 and G2 are two
finite groups satisfying gcd(|G1|, |G2|) = 1, then ψ(G1×G2) = ψ(G1)ψ(G2).
By a standard induction argument, it follows that if Gi, i = 1, 2, ..., k, are
finite groups of coprime orders, then

ψ(
k∏
i=1

Gi) =
k∏
i=1

ψ(Gi) .

This shows that the study of ψ(G) for finite nilpotent groups G can be
reduced to p-groups.

In the following we will focus on the restriction of ψ to the class of fi-
nite abelian groups. For such a group G we can determine ψ(G) by using
Corollary 4.4 of [102].

Theorem 1. Let G =
∏k

i=1 Zpαi be a finite abelian p-group, where 1 ≤ α1 ≤
α2 ≤ ... ≤ αk. Then

ψ(G) = 1 +

αk∑
α=1

(
p2αf(α1,α2,...,αk)(α)− p2α−1f(α1,α2,...,αk)(α− 1)

)
,
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where

f(α1,α2,...,αk)(α) =


p(k−1)α, if 0 ≤ α ≤ α1

p(k−2)α+α1 , if α1 ≤ α ≤ α2
...
pα1+α2+...+αk−1 , if αk−1 ≤ α .

Remarks.

1. The function f(α1,α2,...,αk) in Theorem 1 is increasing.

2. ψ(
∏k

i=1 Zpαi ) is a polynomial in p of degree 2αk + αk−1 + ...+ α1.

3. An alternative way to write ψ(
∏k

i=1 Zpαi ) is

ψ(
k∏
i=1

Zpαi ) = p2αk+αk−1+...+α1 − (p− 1)

αk−1∑
α=0

p2αf(α1,α2,...,αk)(α).

Theorem 1 allows us to obtain a precise expression of ψ(G) for some
particular finite abelian p-groups G.

Corollary 2. We have:

(a) ψ(Zpn) =
p2n+1 + 1

p+ 1
;

(b) ψ(Znp ) = pn+1 − p+ 1;

(c) ψ(Zp2×Zn−2p ) = pn+2 − pn+1 + pn − p+ 1;

(d) ψ(Zpα1×Zpα2 ) =
p2α2+α1+3 + p2α2+α1+2 + p2α2+α1+1 + p3α1+2 + p+ 1

(p+ 1)(p2 + p+ 1)
;

(e) ψ(Zpα1×Zpα2×Zpα3 ) =
p2α3+α2+α1+1 + p3α2+α1+2

p+ 1
− p

3α2+α1+3 − p4α1+3

p2 + p+ 1
−

p4α1+4 − 1

p3 + p2 + p+ 1
.
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Given a positive integer n, it is well-known that there is a bijection
between the set of types of abelian groups of order pn and the set Pn =
{(x1, x2, ..., xn) ∈ Nn | x1 ≥ x2 ≥ ... ≥ xn, x1 +x2 + ...+xn = n} of partitions
of n, namely the map

k∏
i=1

Zpαi ( with α1 ≤ α2 ≤ ... ≤ αk and
k∑
i=1

αi = n) 7−→ (αk, ..., α1, 0, ..., 0︸ ︷︷ ︸
n−k positions

) .

Moreover, recall that Pn is totally ordered under the lexicographic order � ,
where

(x1, x2, ..., xn)≺(y1, y2, ..., yn)⇐⇒


x1 = y1, ..., xm = ym
and
xm+1<ym+1 for some m∈{0, 1, ..., n−1} .

Obviously, the lexicographic order induces a total order on the set of types
of abelian p-groups of order pn.

By computing the values of ψ corresponding to all types of abelian p-
groups of order p2, p3 and p4, respectively, one obtains:

- ψ(Z2
p) = p3 − p+ 1 < ψ(Zp2) = p4 − p3 + p2 − p+ 1;

- ψ(Z3
p) = p4 − p + 1 < ψ(Zp×Zp2) = p5 − p4 + p3 − p + 1 < ψ(Zp3)=

p6 − p5 + p4 − p3 + p2 − p+ 1;

- ψ(Z4
p) = p5−p+1 < ψ(Zp×Zp×Zp2) = p6−p5+p4−p+1 < ψ(Zp2×Zp2) =

p6 − p4 + p3 − p + 1 < ψ(Zp×Zp3)= p7 − p6 + p5 − p4 + p3 − p + 1 <
ψ(Zp4) = p8 − p7 + p6 − p5 + p4 − p3 + p2 − p+ 1.

The above inequalities suggest us that the function ψ is strictly increasing.
This is true, as shows the following theorem.

Theorem 3. Let G1 =
∏k

i=1 Zpαi and G2 =
∏r

j=1 Zpβj be two finite abelian
p-groups of order pn. Then

(1) ψ(G1) < ψ(G2)⇐⇒ (αk, ..., α1, 0, ..., 0︸ ︷︷ ︸
n−k positions

) ≺ (βr, ..., β1, 0, ..., 0︸ ︷︷ ︸
n−r positions

) .

Proof. First of all, we remark that it suffices to prove (1) only for consecutive
partitions of n because Pn is fully ordered.
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Assume that (αk, ..., α1, 0, ..., 0) ≺ (βr, ..., β1, 0, ..., 0). We have to prove
ψ(G1) < ψ(G2) (notice that this inequality holds for the first two elements
of Pn, by b) and c) of Corollary 2). Let s ∈ {1, 2, ..., r − 1} such that
β1 = β2 = · · · = βs < βs+1. We distinguish the following two cases.

Case 1. β1 ≥ 2
Then (αk, ..., α1, 0, ..., 0) is of type (βr, ..., β2, β1− 1, 1, 0, ..., 0), i.e. k = r+ 1,
α1 = 1, α2 = β1 − 1 and αi = βi−1 for i = 3, 4, ..., r + 1. We infer that
f(α1,α2,...,αk)(γ) = f(β1,β2,...,βr)(γ),∀ γ ≥ β1. One obtains

ψ(G2)− ψ(G1) =

= pβr+n−(p− 1)

βr−1∑
γ=0

p2γf(β1,β2,...,βr)(γ)−pαk+n+(p− 1)

αk−1∑
γ=0

p2γf(α1,α2,...,αk)(γ) =

= (p− 1)

β1−1∑
γ=1

p2γ
(
f(α1,α2,...,αk)(γ)− f(β1,β2,...,βr)(γ)

)
=

= (p− 1)

β1−1∑
γ=1

p2γ
(
p(r−1)γ+1 − p(r−1)γ

)
> 0.

Case 2. β1 = 1
Then (αk, ..., α1, 0, ..., 0) is of type (βr, ..., βs+1 − 1, β′t, β

′
t−1, ..., β

′
1, 0, ..., 0),

where βs+1−1 ≥ β′t ≥ β′t−1 ≥ ... ≥ β′1 ≥ 1 and β′t+β′t−1 + ...+β′1 = s+1. We
infer that f(α1,α2,...,αk)(γ) = f(β1,β2,...,βr)(γ),∀ γ ≥ βs+1. So, we can suppose
that s = r − 1, i.e.

(αk, ..., α1, 0, ..., 0) = (βr − 1, β′t, β
′
t−1, ..., β

′
1, 0, ..., 0).

One obtains

ψ(G2)− ψ(G1) = pβr+n − (p− 1)

βr−1∑
γ=0

p2γf(β1,β2,...,βr)(γ)− pβr+n−1 + S,

where

S = (p− 1)

βr−2∑
γ=0

p2γf(α1,α2,...,αk)(γ) > 0.
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Since

f(β1,β2,...,βr)(γ) =

{
p(r−1)γ, if 0 ≤ γ ≤ 1

pr−1, if 1 ≤ γ ,

it follows that

ψ(G2)− ψ(G1) > pβr+n − pβr+n−1 − (p− 1)

βr−1∑
γ=0

p2γf(β1,β2,...,βr)(γ) =

= pβr+n − pβr+n−1 − (p− 1)

[
1 + pr−1

p2βr − p2

p2 − 1

]
=

=
1

p+ 1

[
pβr+n−1

(
p2 − p− 1

)
+ pr+1 − p2 + 1

]
> 0.

Conversely, assume that ψ(G1) < ψ(G2), but (αk, ..., α1, 0, ..., 0) � (βr, ...,
β1, 0, ..., 0). Then the first part of the proof leads to ψ(G2) ≤ ψ(G1), a con-
tradiction. Hence (1) holds.

Two immediate consequences of Theorem 3 are the following.

Corollary 4. Let n be a positive integer and G be an abelian p-group of
order pn. Then the minimum value of ψ(G) is obtained for G elementary
abelian, while the maximum value of ψ(G) is obtained for G cyclic.

Corollary 5. Two finite abelian p-groups of the same order are isomorphic
if and only if they have the same sum of element orders.

Inspired by Corollary 5, we came up with the following conjecture, which
we have verified by computer for all abelian groups of order less or equal to
100000.

Conjecture 6. Two finite abelian groups of the same order are isomorphic
if and only if they have the same sum of element orders.

In order to decide if two finite abelian groups G1 and G2 are isomorphic
by using the above results, the condition |G1| = |G2| is essential, as shows
the following simple example.

Example. We have Z2
2 6∼= Z3 even if ψ(Z2

2) = ψ(Z3) = 7.

This proves that the function ψ is not injective, too. The surjectivity
of ψ also fails because Im(ψ) contains only odd positive integers (notice
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that in fact more can be said, namely: ψ(G) is odd for all finite groups G).
Moreover, there exist odd positive integers not contained in Im(ψ), as 5.

We also observe that ψ(G) is not divisible by |G| for large classes of finite
groups G, as p-groups, groups of order pnq (p, q primes) without normal
Sylow q-subgroups and groups of even order. More precisely, by MAGMA
we checked that there are only three types of groups of order at most 2000
satisfying |G| | ψ(G) (the smallest order of such a group G is 105 and ψ(G) =
1785 = 105 · 17) and these are not abelian. Consequently, the study of this
property for abelian groups seems to be interesting.

Theorem 7. There are finite abelian groups G such that

ψ(G) ≡ 0 (mod|G|).

Proof. Let G = Z13×Z13×Z23. We have |G| = 3887 and

ψ(G) = ψ(Z13×Z13)ψ(Z23) =
(
133 − 13 + 1

) 233 + 1

23 + 1
=

= 1107795 = 3887 · 285,

completing the proof.

Next we will study the function

ψ ′(G) =
∏
x∈G

o(x).

In contrast with ψ, this is not multiplicative, as shows the following result.

Proposition 8. Let G1, G2, ..., Gk be finite groups having coprime orders.
Then

ψ ′(
k∏
i=1

Gi) =
k∏
i=1

ψ ′(Gi)
ni ,

where ni =
k∏
j=1
j 6=i

|Gj|, i = 1, 2, ..., k. In particular, if G is a finite nilpotent

group of order n = pα1
1 p

α2
2 · · · p

αk
k , G1, G2, ..., Gk are the Sylow subgroups of

G and ni =
n

pαii
, i = 1, 2, ..., k, then

ψ ′(G) =
k∏
i=1

ψ ′(Gi)
ni .



contributions to the study of subgroup lattices 123

By Proposition 8 we infer that the computation of ψ ′(G) for nilpotent
groups is also reduced to p-groups and explicit formulas can be given in
several particular cases. One of them consists of abelian groups, for which
Corollary 4.4 of [102] leads to the following theorem.

Theorem 9. Let G =
∏k

i=1 Zpαi be a finite abelian p-group, where 1 ≤ α1 ≤
α2 ≤ ... ≤ αk. Then

(2) ψ ′(G) = p αkp
α1+α2+...+αk−

∑αk−1

i=0 pif(α1,α2,...,αk)(i),

where the function f(α1,α2,...,αk) has been defined in Theorem 1.

We exemplify (2) by computing ψ ′(G) for cyclic p-groups and for rank
two abelian p-groups.

Example. We have:

1. ψ ′(Zpα) = p
αpα+1−(α+1)pα+1

p−1 ;

2. ψ ′(Zpα × Zpβ) = p
βpα+β+2−pα+β+1−(β+1)pα+β+p2α+1+1

p2−1 .

The following theorem shows that the restriction of ψ ′ to abelian p-groups
of order pn is also strictly increasing with respect to a natural order on the
groups relating to the lexicographic order of the partitions of n.

Theorem 10. Let G =
∏k

i=1 Zpαi and H =
∏r

j=1 Zpβj be two finite abelian
p-groups of order pn. Then

(3) ψ ′(G) < ψ ′(H)⇐⇒ (αk, ..., α1, 0, ..., 0︸ ︷︷ ︸
n−k positions

) ≺ (βr, ..., β1, 0, ..., 0︸ ︷︷ ︸
n−r positions

) .

Proof. As in the proof of Theorem 3, it suffices to verify (3) only for con-
secutive partitions of n.

Assume that (αk, ..., α1, 0, ..., 0) ≺ (βr, ..., β1, 0, ..., 0) and let s ∈ {1, 2, ...,
r − 1} such that β1 = β2 = · · · = βs < βs+1. We distinguish the following
two cases.

Case 1. β1 ≥ 2
Then (αk, ..., α1, 0, ..., 0) is of type (βr, ..., β2, β1− 1, 1, 0, ..., 0), i.e. k = r+ 1,
α1 = 1, α2 = β1− 1 and αi = βi−1 for i = 3, 4, ..., r+ 1. It is easy to see that
f(α1,α2,...,αk)(i) = f(β1,β2,...,βr)(i) for all i ≥ β1. One obtains
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ψ ′(G) < ψ ′(H)⇐⇒
βr−1∑
i=1

pif(β1,β2,...,βr)(i) <

αk−1∑
i=1

pif(α1,α2,...,αk)(i)

⇐⇒
β1−1∑
i=1

pif(β1,β2,...,βr)(i) <

β1−1∑
i=1

pif(α1,α2,...,αk)(i)

and the last inequality is true because

f(β1,β2,...,βr)(i)=p
(r−1)i<p(r−1)i+1=p(k−2)i+1=f(α1,α2,...,αk)(i), i = 1, 2, ..., β1−1 .

Case 2. β1 = 1
Then (αk, ..., α1, 0, ..., 0) is of type (βr, ..., βs+1 − 1, β′t, β

′
t−1, ..., β

′
1, 0, ..., 0),

where βs+1−1 ≥ β′t ≥ β′t−1 ≥ ... ≥ β′1 ≥ 1 and β′t+β′t−1 + ...+β′1 = s+1. We
infer that f(α1,α2,...,αk)(i) = f(β1,β2,...,βr)(i) for all i ≥ βs+1. So, we can suppose
that s = r − 1, i.e.

(αk, ..., α1, 0, ..., 0) = (βr − 1, β′t, β
′
t−1, ..., β

′
1, 0, ..., 0).

One obtains

ψ ′(G)<ψ ′(H)⇐⇒(βr−1)pn−
βr−2∑
i=0

pif(α1,α2,...,αk)(i)<βrp
n−

βr−1∑
i=0

pif(β1,β2,...,βr)(i)

⇐⇒ pn−
βr−1∑
i=0

pif(β1,β2,...,βr)(i) +

βr−2∑
i=0

pif(α1,α2,...,αk)(i) > 0 . (∗)

Since

f(β1,β2,...,βr)(i) =

{
p(r−1)i, if 0 ≤ i ≤ 1

pr−1, if i ≥ 1 ,

we easily get

βr−1∑
i=0

pif(β1,β2,...,βr)(i) = 1 + pr−1
pβr − p
p− 1

= 1 +
pn − pr

p− 1
< pn

and therefore (∗) is true.
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Conversely, assume that (αk, αk−1, ..., α1, 0, ..., 0)�(βr, βr−1, ..., β1, 0, ..., 0).
If these partitions are equal, then G ∼= H, so ψ ′(G) = ψ ′(H). Other-
wise, (αk, αk−1, ..., α1, 0, ..., 0)�(βr, βr−1, ..., β1, 0, ..., 0), and the first part of
the proof implies ψ ′(G) > ψ ′(H), as desired.

Since a strictly increasing function is injective, by Theorem 10 we infer
the following corollary.

Corollary 11. Two finite abelian p-groups of order pn are isomorphic if and
only if they have the same product of element orders.

This can be extended to arbitrary finite abelian groups, according to
Proposition 8.

Theorem 12. Two finite abelian groups of the same order are isomorphic
if and only if they have the same product of element orders.

Remark. The above two results are not true for arbitrary finite abelian
groups. For example, we have ψ ′(Z4×Z2

3) = ψ ′(Z4
2×Z3), but obviously the

groups Z4 × Z2
3 and Z4

2 × Z3 are not isomorphic.

Finally, we associate to a finite (abelian) group G = {x1, x2, ..., xn} the
polynomial

PG =
n∏
i=1

(X − o(xi)) ∈ Z[X].

Recall that if G and H are two finite abelian groups for which PG = PH (that
is, G and H have the same element orders with the same multiplicities), then
G ∼= H by Theorem 5 of [97] (see also [92, 93]). In order to improve this
result, we construct the quantities

ψk(G) =
∑

1≤i1<i2<...<ik≤n

o(xi1)o(xi2) · · · o(xik), k = 1, 2, ..., n.

Obviously, explicit formulas for ψk(G), k = 1, 2, ..., n, can be given by using
Corollary 4.4 of [102]. We also observe that

ψ1(G) = ψ(G) and ψn(G) = ψ ′(G) .

Inspired by Conjecture 6 and the above Theorem 12, we came up with the
following conjecture, which we have verified by GAP for many values of k
and n.

Conjecture 13. Let G and H be two finite abelian groups of order n. Then
for every k ∈ {1, 2, ..., n}, we have G ∼= H if and only if ψk(G) = ψk(H).
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Finite groups determined by an inequality of the orders of their
elements

Let CP1, CP and CN be the classes of finite groups in which the centrali-
zers of all nontrivial elements contain only elements of prime order, of prime
power order and are nilpotent, respectively. Clearly, we have CP1 ⊂ CP ⊂
CN. Moreover, the classes CP1 and CP consist of exactly those finite groups
all of whose elements have prime order and prime power order, respectively.
They have been studied in many papers, as [6, 18, 27, 39, 41, 42, 140].

In the following we consider the finite groups G such that

(4) o(xy) ≤ max{o(x), o(y)}, for all x, y ∈ G.

These form another interesting subclass of CP, that will be denoted by CP2.
Its exhaustive description is the main goal of this section.

First of all, we observe that if a finite group G belongs to CP2, then for
every x, y ∈ G satisfying o(x) 6= o(y) we have

o(xy) = max{o(x), o(y)},

that is the order map is very close to a monoid homomorphism from (G, ·)
to (N∗,max).

An immediate characterization of finite groups contained in CP2 is indi-
cated in the following theorem.

Theorem 14. Let G be a finite group and set πe(G) = {o(x) | x ∈ G}. Then
the following conditions are equivalent:

(a) G belongs to CP2.

(b) For every α ∈ πe(G), the set Gα = {x ∈ G | o(x) ≤ α} is a normal
subgroup of G.

Proof. Assume first that G belongs to CP2. Let α ∈ πe(G) and x, y ∈ Gα.
Then, by (4), we have

o(xy) ≤ max{o(x), o(y)} ≤ α,

which shows that xy ∈ Gα. This proves that Gα is a subgroup of G. More-
over, Gα is normal in G because the order map is constant on each conjugacy
class.
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Conversely, let x, y ∈ G and put α = o(x) , β = o(y). By supposing that
α ≤ β, one obtains x, y ∈ Gβ. Since Gβ is a subgroup of G, it follows that
xy ∈ Gβ. Therefore

o(xy) ≤ β = max{o(x), o(y)},

completing the proof.

Next, we will focus on establishing some connections between CP2 and
the previous classes CP and CP1.

Proposition 15. The class CP2 is properly contained in the class CP.

Proof. Let G be finite group in CP2 and take x ∈ G. It is well-known that x
can be written as a product of (commuting) elements of prime power orders,
say x = x1x2 · · ·xk. Then the condition (4) implies that

k∏
i=1

o(xi) = o(x) ≤ max{o(xi) | i = 1, k },

and so k = 1. Hence x is of prime power order, i.e. G is contained in CP.
Obviously, the inclusion of CP2 in CP is strict (we already have seen that

A5 belongs to CP, but not to CP2).

On the other hand, by taking σ = (12)(34), τ = (235) ∈ A5, one obtains

5 = o(στ) > 3 = max{o(σ), o(τ)},

and therefore CP2 does not contain the alternating group A5. Since A5 be-
longs to CP1, we conclude that CP1 is not contained in CP2. It is obvious
that the converse inclusion also fails (for example, any abelian p-group be-
longs to CP2, but not to CP1).

Remarks.

1. Other two remarkable classes of finite p-groups, more large as the class
of abelian p-groups, are contained in CP2: regular p-groups (see Theo-
rem 3.14 of [88], II, page 47) and p-groups whose subgroup lattices are
modular (see Lemma 2.3.5 of [75]). Moreover, by the main theorem of
[139], we infer that the powerful p-groups for p odd also belong to CP2.

2. The smallest nonabelian p-group contained in CP2 is the quaternion
group Q8, while the smallest p-group not contained in CP2 is the di-
hedral group D8. Notice that all quaternion groups Q2n , for n ≥ 4, as
well as all dihedral groups Dn, for n 6= 1, 2, 4, are not contained in CP2.
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3. The class CP2 contains finite groups which are not p-groups, too. The
smallest example of such a group is A4. Remark that the groups An,
n ≥ 5, does not belong to CP2, and this is also valid for the symmetric
groups Sn, n ≥ 3.

Clearly, CP2 is closed under subgroups. On the other hand, the above
results imply that CP2 is not closed under direct products or extensions. The
same thing can be said with respect to homomorphic images, as shows the
following example.

Example. Let p be a prime and G be the semidirect product of an elemen-
tary abelian p-group A of order pp by a cyclic group of order p2, generated by
an element x which permutes the elements of a basis of A cyclically. Then it
is easy to see that G belongs to CP2, x

p ∈ Z(G) and the quotient Q = G
〈xp〉 is

isomorphic to a Sylow p-subgroup of Sp2 . Obviously, in Q a product of two
elements of order p can have order p2, and hence it does not belong to CP2.

The next result collects other basic properties of the finite groups con-
tained in CP2.

Proposition 16. Let G be a finite group contained in CP2. Then:

(a) There is a prime p dividing the order of G such that F (G) = Op(G).

(b) Both Z(G) and Φ(G) are p-groups.

(c) Z(G) is trivial if G is not a p-group.

Proof.

(a) We know that F (G) is the product of the subgroups Op(G), where p
runs over the prime divisors of |G|. Suppose that there are two distinct
primes p and q dividing the order of F (G). This leads to the existence
of two elements x and y of F (G) such that o(x) = p and o(y) = q.
Since F (G) is nilpotent, we obtain xy = yx and so o(xy) = pq, a
contradiction. Thus F (G) = Op(G), for a prime divisor p of |G|.

(b) It is well-known that both Z(G) and Φ(G) are normal nilpotent sub-
group of G. By the maximality of F (G), it follows that Z(G) and Φ(G)
are contained in F (G), and therefore they are also p-groups.

(c) Assume that Z(G) is not trivial and take x ∈ Z(G) with o(x) = p. If G
is not a p-group, it contains an element y of prime order q 6= p. Then
o(xy) = pq, contradicting Proposition 15.
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We are now able to present our main result, that gives a complete des-
cription of the class CP2.

Theorem 17. A finite group G is contained in CP2 if and only if one of the
following statements holds:

(a) G is a p-group and Ωn(G) = {x ∈ G | xpn = 1}, for all n ∈ N.

(b) G is a Frobenius group of order pαqβ, p < q, with kernel F (G) of order
pα and cyclic complement.

Proof. If G is a p-group, then the conclusion is obvious.
Assume now that G is not a p-group. We will proceed by induction on

|G|. Since G belongs to CP2, all the numbers in πe(G) are prime powers.
Let qn be the largest number of πe(G), where q is a prime, and let N = {g ∈
G | o(g) < qn}. Then N E G and exp(G/N) = q. Since |N | < |G|, by the
inductive hypothesis it follows that either N is a p-group or N is a Frobenius
group with kernel K of order pα and cyclic complement H of order rβ, where
p, r are distinct primes. We will prove that in both cases G is a Frobenius
group whose kernel and complement are p-groups.

Case 1. N is a p-group.
Since G is not a p-group, we can take Q ∈ Sylq(G), where p 6= q. So
G = N o Q. Since every element of N is of prime power order, we have
CN(h) = 1 for all 1 6= h ∈ Q. Thus, G is a Frobenius group with kernel N
and complement Q.

Case 2. N is a Frobenius group.

Subcase 2.1. q 6= p and q 6= r.
By a similar argument as that of Case 1, we know that G is a Frobenius
group with kernel N . But N is not nilpotent, a contradiction.

Subcase 2.2. q = r.
Let Q ∈ Sylq(G). Then G = K oQ. By a similar argument as that of Case
1, we know that G is a Frobenius group with kernel K and complement Q.

Subcase 2.3. q = p.
We observe that all elements of G \ N are of order qn, and gq ∈ K, where
g ∈ G\N and K ∈ Sylq(N). So if NG(H)∩(G\N) 6= 1, then NG(H)∩K 6= 1.
But N is a Frobenius group and NN(H) = H. It follows that NG(H) = H.
Since H is cyclic, NG(H) = CG(H). One obtains that G is r-nilpotent and
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thus G = P oH, where P ∈ Sylp(G). A similar argument as that of Case 1
shows that G is again a Frobenius group with kernel P and complement H.

Finally, we prove that H is cyclic. By Burnside’s Theorem we only need
to prove that H is not a 2-group. If not, let L = {g ∈ G | o(g) = 2}. Then
L E G. It follows that K × L ≤ G, where K is the Frobenius kernel. This
contradicts the fact that all elements of G are of prime power order.

Since all p-group and all groups of order pαqβ are solvable, Theorem 17
leads to the following corollary.

Corollary 18. The class CP2 is properly contained in the class of finite
solvable groups.

Remark. The finite supersolvable groups and the CLT-groups constitute
two important subclasses of the finite solvable groups. Since A4 belongs
to CP2, we infer that CP2 is not included in these classes. Conversely, a
finite supersolvable group or a CLT-group does not necessarily possess the
structure described above, and thus they are not necessarily contained in the
class CP2.

As we already have seen, both CP1 and CP2 are subclasses of CP, and
each of them is not contained in the other. Consequently, an interesting
problem is to find the intersection of these subclasses. This can be made by
using again Theorem 17.

Corollary 19. A finite group G is contained in the intersection of CP1 and
CP2 if and only if one of the following statements holds:

(a) G is a p-group of exponent p.

(b) G is a Frobenius group of order pαq, p < q, with kernel F (G) of order
pα and exponent p, and cyclic complement. Moreover, in this case we
have G′ = F (G).

Proof. The equivalence follows directly by Theorem 17. In this way, we
have to prove only that G′ = F (G) in the case (b).

Obviously, G′ ⊆ F (G). For the converse inclusion, let x ∈ F (G) be a
nontrivial element. Then o(x) = p. If y is an arbitrary element of order q in
G, then we have

o(xy) ≤ max{o(x), o(y)} = q,

and therefore o(xy) ∈ {p, q}. If we assume that o(xy) = p, it results

q = o(y) = o(x−1xy) ≤ max{o(x−1), o(xy)} = p,
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a contradiction. This shows that o(xy) = q. Then there is z ∈ G such that
xy ∈ 〈y〉z, say xy = z−1ykz with k ∈ Z. Since the element

xy1−k = z−1ykzy−k = [z, yk]

has order p, we infer that k must be equal to 1. Hence

x = [z, y] ∈ G′,

which completes the proof.

Remark. A4 is an example of a group of type (b) in the above corollary.
Mention that for such a group G the number of Sylow q-subgroups is pα.
It is also clear that G possesses a nontrivial partition consisting of Sylow
subgroups: F (G) and all conjugates of a Frobenius complement.

Finally, we notice that the problem of finding a precise description of
finite p-groups contained in CP2 remains open.

2.3.2 Posets of subgroup orders

In this section we will investigate three classes of finite groups determined by
an inequality of the orders of their subgroups, cyclic subgroups and normal
subgroups, respectively (see [61, 63, 105]).

Let n be a natural number and σ(n) be the sum of all divisors of n. We
recall that n is called a deficient number if σ(n) < 2n and a perfect number
if σ(n) = 2n. Thus, the set consisting of both the deficient numbers and the
perfect numbers can be characterized by the inequality∑

d∈Ln

d ≤ 2n ,

where Ln = {d ∈ N | d|n}.
Now, let G be a finite group and L(G) be the subgroup lattice of G. The

most important subsets of L(G) are the poset C(G) of cyclic subgroups of
G and the lattice N(G) of normal subgroups of G. Clearly, if the group G
is cyclic of order n, then L(G) = C(G) = N(G) and they are isomorphic to
the lattice Ln. So, n is deficient or perfect if and only if one of the following
conditions is satisfied:

(1)
∑

H∈L(G)

|H| ≤ 2|G| ,
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(2)
∑

H∈C(G)

|H| ≤ 2|G| ,

(3)
∑

H∈N(G)

|H| ≤ 2|G| .

This fact suggests us to consider the classes C1, C2 and C3 consisting of all
finite groups G which satisfy the inequalities (1), (2) and (3), respectively.
Remark that C1 is properly contained in C2 and C3 (an example of a finite
group in Ci, i = 2, 3, but not in C1 is the symmetric group S3). As we have
seen above, finite cyclic groups of deficient or perfect order are contained in
each Ci, i = 1, 2, 3, but at first sight it is difficult to characterize finite groups
in these classes. Therefore they must be investigated more carefully. Their
study is the main goal of this section.

The class C1

For a finite group G let us denote

σ1(G) =
∑

H∈L(G)

|H|
|G|

=
∑

H∈L(G)

1

|G : H|
.

In this way, C1 is the class of all finite groups G for which σ1(G) ≤ 2. Observe
that σ1 is a multiplicative function, that is if G and G′ are two finite groups
satisfying gcd(|G|, |G′|) = 1, then

σ1(G×G′) = σ1(G)σ1(G
′) ,

It follows that if Gj, j = 1, 2, ...,m, are finite groups of coprime orders, then

σ1(
m∏
j=1

Gi) =
m∏
j=1

σ1(Gj) .

Obviously, C1 contains the finite cyclic groups of prime order. On the

other hand, we easily obtain σ1(Z2×Z2) =
11

4
and σ1(S3) =

8

3
. These equa-

lities show that the class C1 is not closed under direct products or extensions.
If N is a normal subgroup of G, then we get

σ1(G/N) =
∑

H∈L(G)
N⊆H

1

|G : H|
and σ1(N) = |G : N |

∑
H∈L(G)
H⊆N

1

|G : H|
.
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Thus, the function σ1 satisfies the inequality

σ1(G) ≥ σ1(G/N) +
1

|G : N |
(σ1(N)− 1) .

In particular, it follows that σ1(G) ≥ σ1(G/N), which shows that C1 is closed
under homomorphic images. Note that for the moment we are not able to
decide whether C1 is closed under subobjects, i.e. whether all subgroups of
a group in C1 also belong to C1.

A precise characterization of the groups in C1 is given by the following
theorem. It shows that the finite cyclic groups of deficient or perfect order
are in fact the unique finite groups contained in C1.
Theorem 1. Let G be a finite group of order n. Then G is contained in C1
if and only if it is cyclic and n is a deficient or perfect number.

Proof. Suppose that G belongs to C1 and let n = pn1
1 p

n2
2 · · · pnmm be the

decomposition of n as a product of prime factors. If M is a non-normal
maximal subgroup of G, then M coincides with its normalizer in G and so it
has exactly r = |G : M | conjugates, say M1,M2, . . . ,Mr. Hence

σ1(G) ≥ 1 +
1

n
+

r∑
i=1

1

|G : Mi|
= 1 +

1

n
+

r∑
i=1

1

r
= 2 +

1

n
> 2 ,

a contradiction. Therefore all maximal subgroups of G are normal, which
implies that G is nilpotent.

Let G =
∏m

j=1Gj, where |Gj| = p
nj
j for every j ∈ {1, 2, ...,m}, and take

an arbitrary index s ∈ {1, 2, ...,m}. If the Sylow ps-subgroup Gs of G is not
cyclic, then it contains at least ps + 1 maximal subgroups (of order pns−1s ):
Gs,1, Gs,2, ..., Gs,ps+1. It is clear that for all u 6= v ∈ {1, 2, ..., ps + 1} the
subgroups Gs,u

∏m
j=1
j 6=s

Gj and Gs,v

∏m
j=1
j 6=s

Gj are distinct. In this way, G has at

least ps + 1 subgroups of order
n

ps
. It follows that

σ1(G) ≥
1 + (ps + 1)

n

ps
+ n

n
> 2 ,

again contradicting the hypothesis. Hence all Sylow subgroups of G are cyclic
and therefore G itself is cyclic of deficient or perfect order.

Since the converse is already shown, our proof is finished.
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It follows from Theorem 1 that the restriction of σ1 to C1 is connected

to the classical function σ by the equality σ1(G) =
σ(|G|)
|G|

, for any G in C1.

Because all divisors d of n satisfy

(4)
σ(d)

d
≤ σ(n)

n
,

we also infer that the class C1 is closed under subobjects.

The class C2

Obviously, a finite group G belongs to the class C2 if and only if σ2(G) ≤ 2,
where

σ2(G) =
∑

H∈C(G)

|H|
|G|

=
∑

H∈C(G)

1

|G : H|
.

Notice that σ2 is also a multiplicative function. In the case of p-groups, we
are able to obtain a general formula for σ2. This will allow us to compute
σ2(G) for arbitrary finite nilpotent groups G.

Theorem 2. Let G be an arbitrary finite group. Then

σ2(G) = |G|−1
∑
h∈G

o(h)

φ(o(h))
,

where φ is the Euler’s totient function.

Proof. The claim is equivalent to the statement

(5)
∑

H∈C(G)

|H| =
∑
h∈G

o(h)

φ(o(h))
.

The left hand side of this expression is equal to the cardinality of the set

S = {(H, g) | H ∈ C(G), g ∈ H} = {(〈h〉, g) | h ∈ G, g ∈ 〈h〉} .

Every element h ∈ G gives rise to o(h) such pairs (〈h〉, g) with g ∈ 〈h〉, but
then every such pair has been counted φ(o(h)) times, since the number of
generators of the cyclic group 〈h〉 is precisely φ(o(h)). Hence |S| is equal to
the expression on the right hand side of equation (5), as desired.
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Theorem 3. Let G be a finite p-group of order pt for some integer t ≥ 1.
Then

σ2(G) =
p1+t − 1

pt(p− 1)
.

In particular, we have

1 +
1

p
≤ σ2(G) < 1 +

1

p− 1
.

Proof. If n = pi for some i ≥ 1, then

n

φ(n)
=

pi

(pi − pi−1)
=

p

(p− 1)
,

and this is clearly independent of i (for i = 0, we get n = 1 and hence
n

φ(n)
= 1). It now follows from Theorem 2 that

σ2(G) = |G|−1
1 +

∑
h∈G\{1}

p

p− 1

 = p−t
[
1 + (pt − 1) · p

p− 1

]
=

p1+t − 1

pt(p− 1)
,

completing the proof.

Corollary 4. All finite p-groups are contained in the class C2.

Proof. Since for any prime p we have 1+
1

p− 1
≤ 2, this follows immediately

from Theorem 3.

Using the multiplicity of σ2, the explicit formula found in Theorem 3 can
be extended to the general case of arbitrary finite nilpotent groups, in the
following way.

Theorem 5. Let G be a finite nilpotent group of order n =
∏m

j=1 p
nj
j , and let∏m

j=1Gj be the direct decomposition of G as a product of its Sylow subgroups,

where |Gj| = p
nj
j , for all j ∈ {1, 2, ...,m}. Then

σ2(G) =
m∏
j=1

p
nj+1
j − 1

p
nj
j (pj − 1)

=
σ(n)

n
.

In particular, we have

m∏
j=1

(
1 +

1

pj

)
≤ σ2(G) <

m∏
j=1

(
1 +

1

pj − 1

)
.
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Proof. The conclusion follows from Theorem 3 and the fact that σ2 is
multiplicative.

Corollary 6. A finite nilpotent group is contained in C2 if and only if its
order is a deficient or perfect number.

Proof. This is an immediate consequence of Theorem 5.

Observe that the above equivalence fails without the supplementary hy-
pothesis that G is nilpotent. Indeed, for the dihedral group D12 we have

σ2(D12) = 2

and therefore D12 belongs to the class C2, but

σ(12)

12
=

7

3
> 2

and therefore |D12| is not a deficient or perfect number.
It is clear that the Klein’s group Z2 × Z2 belongs to C2. The same thing

can be also said about the cyclic group Z15, but not about the direct product
Z2 × Z2 × Z15 (see Corollary 6). This remark shows that the class C2 is not
closed under direct products.

The class C2 is not closed under subgroups either, not even under normal
subgroups. The smallest counterexample is given by the non-abelian group
G = (Z2×Z2)oZ9 of order 36. Indeed, G itself is in C2, but it has a normal
subgroup isomorphic to Z2 × Z2 × Z3, which is not in C2.

It turns out, however, that the class C2 is closed under homomorphic
images. More precisely, we have the following result.

Theorem 7. Let G be a finite group and N a normal subgroup of G. Then

σ2(G/N) ≤ σ2(G) .

In particular, the class C2 is closed under homomorphic images.

Proof. By Theorem 2 it follows that

σ2(G/N) =
|N |
|G|

∑
h∈G/N

o(h)

φ(o(h))
=

1

|G|
∑
h∈G

o(hN)

φ(o(hN))
,

since every coset hN is obtained by |N | different elements h ∈ G (note that
o(hN) denotes the order of the element hN in the group G/N). But for
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every h ∈ G, the order of hN in G/N is a divisor of the order of h in G, and
consequently

σ2(G/N) ≤ 1

|G|
·
∑
h∈G

o(h)

φ(o(h))
= σ2(G) ,

as desired.

Finally, we present a result that indicates a necessary and sufficient con-
dition for a finite group to be nilpotent.

Theorem 8. Let G be a finite group of order n. Then

σ2(G) ≤ σ(n)

n
,

and we have equality if and only if G is nilpotent.

Proof. It follows from the main theorem of [63].

Notice that the following generalization of Theorem 8 has been also proved
in [63].

Theorem 9. Let G be a finite group of order n. Then∑
H∈C(G)

|H|k ≤
∑
d|n

dk for all k ∈ N∗ ,

and we have equality if and only if G is cyclic.

The class C3

First of all, we will study some basic properties of C3. We observe that
C3 is different from C2 (for example, the dihedral group D8 belongs to C2 but
not to C3) and that a finite Dedekind group belongs to C3 if and only if it
belongs to C1. Following the same technique as in our previous sections, we
introduce the multiplicative function

σ3(G) =
∑

H∈N(G)

|H|
|G|

=
∑

H∈N(G)

1

|G : H|
.

Clearly, C3 consists of all finite groups G satisfying σ3(G) ≤ 2. Remark also
that C3 contains the finite cyclic groups of prime order. We easily obtain

σ3(Zp × Zp) =
1 + p+ 2p2

p2
> 2, for any prime p .
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This relation shows that C3 is not closed under direct products or extensions.
Now, let p, q be two primes such that p 6= 2, q | p−1 and p2q ≥ 1+p+2p2

(for example, p = 7 and q = 3), and let G be the non-abelian P -group of order
p2q. Then N(G) consists of G itself and of all subgroups of the elementary
abelian normal subgroup H ∼= Zp × Zp. This implies that

σ3(G) =
1 + p+ 2p2 + p2q

p2q
≤ 2,

that is G belongs to C3. Since H is not contained in C3, we infer that C3
is not closed under subobjects. On the other hand, we know that L(G) is
isomorphic to the subgroup lattice of the elementary abelian group of order
p3, which not belongs to C3. In this way, C3 is not closed under lattice
isomorphisms, too.

Finally, let G be a group in C3 and N be a normal subgroup of G. Then
we easily get

σ3(G/N) =
∑

H∈N(G)
N⊆H

1

|G : H|
≤ σ3(G) ≤ 2,

proving that C3 is closed under homomorphic images.
Next we will characterize some particular classes of groups in C3. The

simplest case is constituted by finite p-groups.

Lemma 10. A finite p-group is contained in C3 if and only if it is cyclic.

Proof. Let G be a finite p-group of order pn which is contained in C3 and
suppose that it is not cyclic. Then n ≥ 2 and G possesses at least p + 1
normal subgroups of order pn−1. It results

σ3(G) ≥ 1 + (p+ 1)pn−1 + pn

pn
> 2,

therefore G does not belong to C3, a contradiction.
Conversely, for a finite cyclic p-group G of order pn, we obviously have

σ3(G) =
1 + p+ ...+ pn

pn
=

pn+1 − 1

pn+1 − pn
≤ 2.

The above lemma leads to a precise characterization of finite nilpotent
groups contained in C3. It shows that the finite cyclic groups of deficient or
perfect order are in fact the unique such groups.
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Theorem 11. Let G be a finite nilpotent group. Then G is contained in C3
if and only if it is cyclic and its order is a deficient or perfect number.

Proof. Assume that G belongs to C3 and let
∏k

i=1Gi be its decomposition as
a direct product of Sylow subgroups. Since Gi, i = 1, 2, ..., k, are of coprime
orders, one obtains

σ3(G) =
k∏
i=1

σ3(Gi) ≤ 2.

This inequality implies that σ3(Gi) ≤ 2, for all i = 1, k. So, each Gi is
contained in C3 and it must be cyclic, by Lemma 10. Therefore G itself is
cyclic and |G| is a deficient or perfect number.

The converse is obvious, because a finite cyclic group of deficient or perfect
order is contained in C1 and hence in C3.

Since C3 is closed under homomorphic images and the quotient G/G′ is
abelian for any group G, the next corollary follows immediately from the
above theorem.

Corollary 12. Let G be a finite group contained in C3. Then G/G′ is cyclic
and its order is a deficient or perfect number.

Theorem 11 also shows that in order to produce examples of non-cyclic
groups contained in C3, we must look at some classes of finite groups which are
larger than the class of finite nilpotent groups. One of them is constituted by
the finite supersolvable groups and an example of such a group that belongs
to C3 has been already given: the non-abelian P -group of order p2q, where
p, q are two primes satisfying p 6= 2, q | p− 1 and p2q ≥ 1 + p+ 2p2. In fact,
C3 includes only a small class of groups of this type, as shows the following
proposition.

Proposition 13. Let p, q be two primes such that p 6= 2 and q | p− 1. Then
the finite non-abelian P -group G of order pn−1q is contained in C3 if and only
if either n = 2 or n = 3 and p2q ≥ 1 + p+ 2p2.

Proof. By Lemma 2.2.2 of [75], the derived subgroup G′ of G is elementary
abelian of order pn−1 and N(G) consists of G itself and of the subgroups of
G′. For every k = 0, 1, ..., n− 1, let us denote by an−1,p(k) the number of all
subgroups of order pk of G′. Then we have

σ3(G) =
xn−1,p + pn−1q

pn−1q
,
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where xn−1,p =
∑n−1

k=0 p
kan−1,p(k). Mention that the numbers an−1,p(k) satisfy

the following recurrence relation

an−1,p(k) = an−2,p(k) + pn−1−kan−2,p(k − 1), for all k = 1, n− 2,

and have been explicitly determined in [94]. Denote by an−1,p the total
number of subgroups of G′, that is an−1,p =

∑n−1
k=0 an−1,p(k). One obtains

that xn−1,p satisfies also a certain recurrence relation, namely

xn−1,p = xn−2,p + pn−1an−2,p, for all n ≥ 2 .

Then

xn−1,p = 1 +
n−1∑
k=1

pkak−1,p .

For n ≥ 4 we get an−2,p ≥ a2,p = p+ 3, therefore

xn−1,p > pn−1(p+ 3) > pn > pn−1q.

In other words, we have σ3(G) > 2, i.e. G is not contained in C3. For n = 3
it results x2,p = 1 + p+ 2p2, which implies that G belongs to C3 if and only if
p2q ≥ 1 + p+ 2p2. Obviously, for n = 2 we have x1,p = 1 + p ≤ pq and hence
G is contained in C3.

Remark that the quotient G/G′ is cyclic of deficient or perfect order for
all finite non-abelian P -groups G, but they are not always contained in the
class C3, as shows Proposition 13. In this way, the necessary condition on G
in Corollary 12 is not sufficient to assure its containment to C3.

A remarkable class of finite supersolvable groups is constituted by the
metacyclic groups. From Lemma 2.1 in [40], such a group G has a presenta-
tion of the form

(6) 〈x, y| xk = yl, ym = 1, yx = yn〉

where k, l, m and n are positive integers such that m| (nk−1) and m| l(n−1).
Moreover, N = 〈y〉 is a normal subgroup of G, G/N = 〈xN〉 is of order k
and G′ = 〈yn−1〉. In several cases we are able to decide when G is contained
in C3.

Suppose first that G belongs to C3. Then G/G′ is cyclic and its order
is a deficient or perfect number, by Corollary 12. We infer that G′ = N .
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This implies that gcd(m,n − 1) = 1 and so m| l. It follows that G has a
presentation of the form

(7) 〈x, y| xk = ym = 1, yx = yn〉 ,

where gcd(m,n − 1) = 1, m| n
k − 1

n− 1
and k is a deficient or perfect number.

We also remark that G is a split metacyclic group with trivial center. Giving
a precise description of the normal subgroup lattice of such a group is very
difficult, but clearly G itself and all subgroups of G′ are contained in N(G).
In this way

σ3(G) =
∑

H∈N(G)

|H| ≥ km+ σ(m) ,

which implies that
σ(m) ≤ km .

So, we have proved the following proposition.

Proposition 14. Let G be the finite metacyclic group given by (6). If G
belongs to C3, then it is a split metacyclic group of the form (7) and σ(m) ≤
km.

The necessary conditions established in the above proposition become
sufficient under the supplementary assumption that G/G′ is of prime order,
that is k is a prime. In this case the normal subgroup lattice of the group G
of type (7) is given by the equality

N(G) = {G} ∪ L(G′) .

Indeed, if H is a normal subgroup of G which is not contained in G′, then
G′ ⊂ HG′ and therefore HG′ = G. Since G′ is cyclic, one obtains that
G/H ∼= G′/H ∩G′ is also cyclic. Thus G′ ⊆ H and hence H = G.

We have
σ3(G) = km+ σ(m) ≤ 2|G| ⇔ σ(m) ≤ km

and so the following theorem holds.

Theorem 15. Let G be the finite metacyclic group given by (6) and assume
that k is a prime. Then G belongs to C3 if and only if it is a split metacyclic
group of the form (7) and σ(m) ≤ km.

Remark that in the particular case when k = 2 and n = m − 1 the
group with the presentation (7) is in fact the dihedral group D2m. In this
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way, by Theorem 15 we obtain that D2m is contained in C3 if and only if
gcd(m,m− 2) = 1 (that is, m is odd) and σ(m) ≤ 2m (that is, m is deficient
or perfect).

Corollary 16. The finite dihedral group D2m is contained in C3 if and only
if m is an odd deficient or perfect number.

The dihedral groups D2m with n odd satisfy the property that they have
no two normal subgroups of the same order, that is the order map from
N(D2m) to L2m is injective. In fact, we can easily see that if a finite group
satisfy this property and its order is a deficient or perfect number, then it
belongs to C3. By Corollary 16 it also follows that the dihedral groups of type
D2pn , with p an odd prime, are all contained in C3. These groups satisfy the
stronger property that their normal subgroup lattices are chains, a condition
which is sufficient to assure the containment of an arbitrary finite group to
C3. In particular, we remark that C3 also contains some finite groups with
few normal subgroups, as finite simple groups or finite symmetric groups.

Another class of finite groups which can naturally be connected to C3 is
constituted by finite T -groups. Recall that a group G is called a T -group if
the normality is a transitive relation on G, that is if H is a normal subgroup
of G and K is a normal subgroup of H, then K is normal in G (in other words,
every subnormal subgroup of G is normal in G). The structure of arbitrary
finite T -groups is unknown, without some supplementary assumptions. One
of them is constituted by the solvability. The finite solvable T -groups have
been described in Gaschütz [32]: such a group G possesses an abelian normal
Hall subgroup N of odd order such that G/N is a Dedekind group (note that
G/N is the unique maximal nilpotent quotient of G). Moreover, it is well-
known that a finite solvable T -group is metabelian and all its subgroups are
also T -groups.

Suppose first that the finite solvable T -group G belongs to C3 and let H
be a complement of N in G (that is, NH = G and N∩H = 1). Set |G| = 2kr,
where r is an odd number. Then |N | = r and |H| = 2k. Since C3 is closed
under homomorphic images, it follows that H ∼= G/N is also contained in
C3. We infer that H is cyclic, in view of Theorem 11.

By Remark 4.1.5 (page 160) of [75], we are able to describe the subgroup
lattice of G, namely

L(G) = {N1H
x
1 | x ∈ N,N1 ≤ N,H1 ≤ H} ,

where N1H
x
1 ≤ N2H

y
2 if and only if N1 ≤ N2, H1 ≤ H2 and xy−1 ∈

CN(H1)N2. The normal subgroup lattice of G can be easily determined



contributions to the study of subgroup lattices 143

by using the above equality, namely

N(G) = {N1H
x
1 ∈ L(G) | CN(H1)N1 = N} .

Remark that all subgroups of G which are contained in N or contain N are
normal in G. Then

σ3(G) =
∑

K∈N(G)

|K| ≥ σ3(N) + |N | (σ3(G/N)− 1) = σ3(N) + r(2k+1 − 2) .

On the other hand, we have

σ3(G) ≤ 2|G| = 2k+1r

because G belongs to C3. By the previous two inequalities, one obtains that
σ3(N) ≤ 2|N |, that is N is also contained in C3. Therefore N is cyclic and its
order r is a deficient or perfect number. Hence we have proved the following
result.

Proposition 17. Let G be a finite solvable T -group. If G belongs to C3, then
it possesses a cyclic normal Hall subgroup N of odd deficient or perfect order
and every complement of N in G is also cyclic. In particular, G is a split
metacyclic group.

Corollary 18. All finite solvable T -groups contained in C3 are extensions of
a cyclic group of odd order by a cyclic 2-group, both contained in C3.

As show all our previous results, for several particular classes of finite
groups G we are able to give necessary and sufficient conditions such that G
belongs to C3. Finally, we note that the problem of finding characterizations
of arbitrary finite groups contained in C3 remains still open.

2.3.3 Posets of classes of isomorphic subgroups

It is an usual technique to consider an equivalence relation ∼ on an algebraic
structure and then to study the factor set with respect to ∼, partially ordered
by certain ordering relations. In the case of subgroup lattices, one of the most
significant example is the poset C(G) of conjugacy classes of subgroups of a
group G (see, for example, [15, 16, 17] and [57, 58]).

In the current section we will consider the more general equivalence rela-
tion on L(G) induced by isomorphism. It leads to the set Iso(G) consisting
of all equivalence classes of isomorphic subgroups of G, that becomes a poset
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under a suitable ordering relation (see [127]). This contains the lattice of
solitary subgroups of G and in several particular cases it determines the
structure of G.

The poset Iso(G)

Let G be a finite group and Iso(G) be the set of equivalence classes of
subgroups of G with respect to the isomorphism relation, that is

Iso(G) = {[H] | H ∈ L(G)}, where [H] = {K ∈ L(G) | K ∼= H}.

Then it is easy to see that Iso(G) can be partially ordered by defining

[H1] ≤ [H2] if and only if K1 ⊆ K2 for some K1 ∈ [H1] and K2 ∈ [H2].

We remark that ≤ is weaker than the usual ordering relation on C(G) and
that the isomorphism relation is not a congruence on L(G), even if in many
cases the poset (Iso(G),≤) becomes a lattice. We also must mention that
the subposet of Iso(G) determined by all classes with a unique element is in
fact the lattice Sol(G) of solitary subgroups of G, introduced and studied in
[106].

First of all, we will look at the poset Iso(G) associated to some finite
groups of small orders.

Examples.

(a) Iso(Zp) is a chain of length 1, for any prime p.

(b) Iso(Zp × Zp) ∼= Iso(Zp2) is a chain of length 2, for any prime p.

(c) Iso(Z6) ∼= Iso(S3) ∼= Iso(D10) is a direct product of two chains of length
2.

(d) Iso(Z3
2)
∼= Iso(Z8) ∼= Iso(Q8) is a chain of length 3.

(e) Iso(Z2 × Z4) ∼= Iso(D8) is the lattice C5 (see page 5 of [75]).

(f) Iso(A4) is the pentagon lattice E5 (see page 5 of [75]).

It is well-known that a finite nilpotent group G can be written as the
direct product of its Sylow subgroups

G =
k∏
i=1

Gi,
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where |Gi| = pαii , for all i = 1, 2, ..., k. Since the subgroups of a direct product
of groups having coprime orders are also direct products (see Corollary of
(4.19), [88], I), one obtains that

L(G) ∼=
k∏
i=1

L(Gi).

By this lattice direct decomposition we easily infer that

Iso(G) ∼=
k∏
i=1

Iso(Gi),

i.e. the decomposability of L(G) implies the decomposability of Iso(G).
Moreover, all posets Iso(Gi), i = 1, 2, ..., k, are indecomposable, since each
group Gi possesses a unique class of isomorphism of subgroups of order pi.
The above example (c) shows that the converse implication fails: Iso(S3) is
decomposable, in contrast with L(S3).

In the following we shall focus on describing the poset Iso(G) for several
important classes of finite groups G. We start with abelian groups, for which
we already know that the study is reduced to p-groups.

Proposition 1. Let G =
∏k

i=1 Zpαi be a finite abelian p-group. Then Iso(G)
is an indecomposable distributive lattice and

|Iso(G)| ≤
α∑
i=0

π(i),

where α = α1 + α2 + · · ·+ αk and π(i) denotes the number of partitions of i,
for all i = 0, 1, ..., α.

Proof. Two subgroups of an arbitrary order pm of G are isomorphic if
and only if their types determine the same partition (m1,m2, ...,mk) of m
(0 ≤ m1 ≤ m2 ≤ · · · ≤ mk). In this way, we can identify every class of
isomorphic subgroups of G with an element of the direct product

C =
k∏
i=1

Cαi ,

where Cαi is the chain 0 < 1 < 2 < · · · < αi, for all i = 1, 2, ..., k. Clearly,
given [H], [K] ∈ Iso(G) (|H| = pm, |K| = pm

′
) that correspond to the par-

titions (m1,m2, ...,mk) and (m′1,m
′
2, ...,m

′
k) of m and m′, respectively, we
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have
inf{[H], [K]} = [S] and sup{[H], [K]} = [T ],

where [S] and [T ] are determined by the k-tuples (min{m1,m
′
1}, min{m2,m

′
2},

..., min{mk,m
′
k}) and (max{m1,m

′
1}, max{m2,m

′
2}, ..., max{mk,m

′
k}).

Hence Iso(G) forms a lattice that can be embedded into a distributive
lattice, namely C. This completes the proof.

Another remarkable class of finite groups for which a similar conclusion
holds is constituted by the so-called ZM -groups, that is the finite groups all
of whose Sylow subgroups are cyclic. It is well-known that two subgroups
of such a group G are conjugate if and only if they have the same order.
Moreover, C(G) is isomorphic to the lattice Ln of all divisors of n = |G| (see
Theorem A of [17]). Thus we infer the following result.

Proposition 2. Let G be a ZM-group of order n. Then the following lattice
isomorphisms hold

Iso(G) ∼= C(G) ∼= Ln.

In particular, Iso(G) is a distributive lattice.

Remarks.

1. The conclusion of Proposition 2 is valid for the finite cyclic groups,
which are in fact the simplest ZM -groups.

2. The lattice isomorphism from Iso(G) to Ln in the above proposition is
given by [H] 7→ |H|, for all [H] ∈ Iso(G). For an arbitrary finite group
G of order n, this map is only isotone (that is, [H] ≤ [K] implies that
|H| divides |K|).

3. There are finite groups G such that Iso(G) is a lattice, but not a distri-
butive or even a modular lattice. For example, in Iso(S2n), n ≥ 4, the
classes determined by S2n , the three maximal subgroups of S2n (that
are isomorphic to Q2n−1 , D2n−1 and Z2n−1 , respectively) and Φ(S2n)
form a diamond and so Iso(S2n) is not distributive; on the other hand,
we already have seen that Iso(A4) is the pentagon lattice and therefore
it is not modular.

Given a finite group G, some lattice theoretical properties can be trans-
ferred from Iso(G) to L(G). One of them is the complementation.

Proposition 3. Let G be a finite group. If Iso(G) is a complemented lattice,
then L(G) is also a complemented lattice.
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Proof. Suppose that Iso(G) is a complemented lattice and denote by ∧′ and
∨ ′ its binary operations. Then for every [H] ∈ Iso(G) there is [K] ∈ Iso(G)
such that [H] ∧′ [K] = [1] and [H] ∨ ′[K] = [G]. Since H ∧ K is contained
both in H and K, we infer that [H ∧K] ≤ [H], [K] and therefore [H ∧K] ≤
[H] ∧′ [K]. This implies H ∧ K = 1. Similarly, one obtains H ∨ K = G.
Hence K is a complement of H in L(G).

Remark. The converse of Proposition 3 is in general not true. For example,
H = 〈y〉 has a complement in L(D8), namely K = 〈x2, xy〉, but [K] is not
a complement of [H] in Iso(D8) (more precisely, [H] has no complement in
Iso(D8)).

Next, we will study the poset of classes of isomorphic subgroups for finite
dihedral groups. Recall that we have

D2n = 〈x, y | xn = y2 = 1, yxy = x−1〉.

We also recall that for every divisor r of n, D2n possesses a subgroup isomor-
phic to Zr, namely Hr

0 = 〈xnr 〉, and n
r

subgroups isomorphic to D2r, namely
Hr
i = 〈xnr , xi−1y〉, i = 1, 2, ..., n

r
. Then

|L(D2n)| = τ(n) + σ(n),

where τ(n) and σ(n) are the number and the sum of all divisors of n, respec-
tively. We easily infer that

|Iso(D2n)| =


2τ(n)− 1, for n odd

2τ(n), for n even.

We are now able to determine the positive integers n such that Iso(D2n)
forms a lattice.

Proposition 4. The poset Iso(D2n) is a lattice if and only if either n is odd
or n = 2k for some k ∈ N.

Proof. Suppose first that n = pα1
1 p

α2
2 · · · p

αk
k with pi > 2 prime, i = 1, 2, ..., k,

or n = 2k for some k ∈ N. Then, by using the above description of the
subgroups of D2n, a standard induction argument on k easily shows that
Iso(D2n) forms a lattice.

Conversely, assume that Iso(D2n) is a lattice, but n is of the form n =
2αβ, where α ≥ 1 and β 6= 1 is odd. Then D2n possesses the subgroups
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H = 〈x2α , y〉 ∼= D2β and K = 〈x2α−1〉 ∼= Z2β. Clearly, both H and K contain
cyclic subgroups of orders 2 and β, which proves that [C2] ≤ [H], [K] and
[Cβ] ≤ [H], [K] (here C2 and Cβ are arbitrary cyclic subgroups of D2n of
orders 2 and β, respectively). It follows immediately that inf{[H], [K]} does
not exist, a contradiction.

Remarks.

1. 12 is the smallest positive integer n for which there is a finite group G
of order n such that Iso(G) is not a lattice.

2. Another example of a group with the above property is the direct pro-
duct D8 × Z4. In this case the classes determined by the subgroups
H = 〈x2〉 × Z4 and K = D8 does not possess an infimum, too.

Unfortunately, we failed in describing exhaustively the class of finite
groups G for which the poset Iso(G) is a (distributive/modular) lattice. We
remark that such a group G satisfies the following interesting property: ”for
every two distinct prime divisors p and q of |G|, either all subgroups of order
pq in G are cyclic or all subgroups of order pq in G are non-abelian”.

Finally, we characterize the finite groups whose posets of classes of iso-
morphic subgroups are chains (i.e. distributive lattices of a very particular
type).

Theorem 5. Let G be a finite group. Then Iso(G) is a chain if and only
if G is either a cyclic p-group, an elementary abelian p-group, a non-abelian
p-group of order p3 and exponent p or a quaternion group of order 8.

Proof. It is clear that for a cyclic p-group, an elementary abelian p-group,
a non-abelian p-group of order p3 and exponent p or a quaternion group of
order 8, the poset of classes of isomorphic subgroups forms a chain.

Conversely, suppose that Iso(G) is a chain. Then G is a p-group. Put
|G| = pn and take a minimal normal subgroup H of G.

If H is the unique subgroup of order p of G, then (4.4) of [88], II, shows
that G is either cyclic or a generalized quaternion group Q2n , n ≥ 3. It is
well-known that the isomorphism classes of the maximal subgroups of Q2n

are Q2n−1 and Z2n−1 , and therefore Iso(Q2n) is not a chain for n ≥ 4. This
holds only for n = 3, that is for the quaternion group Q8.

If G possesses a minimal subgroup K with K 6= H, then HK is elemen-
tary abelian of order p2. One obtains that there is no cyclic subgroup of
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order p2 in G, in other words we have

exp(G) = p.

Obviously, if G is abelian, then it is an elementary abelian p-group. In
the following we will assume that G is not abelian. Then p is odd and G
contains a non-abelian subgroup of order p3, say N (more precisely, N is
isomorphic with the group M(p3), described in (4.13) of [88], II). Let A be
an abelian normal subgroup of maximal order of G and set |A| = pa. If a ≥ 3
we infer that A has a subgroup A1 of order p3. It follows that the classes [N ]
and [A1] are not comparable, a contradiction. In this way, we have a ≤ 2 and
so a ∈ {1, 2}. By Corollary 2, [88], I, page 94, we know that 2n ≤ a(a + 1),
which implies n ≤ 3. This leads to n = 3 and hence G = N is a non-abelian
p-group of order p3 and exponent p, which completes the proof.

In particular, Theorem 5 shows that there are only two finite non-abelian
groups G with Iso(G) fully ordered, and each of them is of order p3 for some
prime p.

Finite groups with the same poset of classes of isomorphic
subgroups

In what follows we will study when for two finite groups G1 and G2 the
poset/lattice isomorphism Iso(G1) ∼= Iso(G2) holds. Obviously, a sufficient
condition to have this isomorphism is G1

∼= G2, but it is not necessary,
as show our previous examples. We also remark that the weaker condition
L(G1) ∼= L(G2) does not imply that Iso(G1) ∼= Iso(G2) (for example, take
G1 = S3 and G2 = Z3 × Z3) and the same thing can be said about the
converse implication.

We start with the following easy but important lemma.

Lemma 7. Let G1 be a finite p-group of order pn. If G2 is a finite group
such that Iso(G1) ∼= Iso(G2), then G2 is a q-group of order qn.

Proof. The condition |G1| = pn implies that Iso(G1) possesses a unique
non-trivial element, namely the class determined by the subgroups of order
p. Then Iso(G2) satisfies a similar property, and so G2 is a q-group for some
prime q. One the other hand, we easily infer that all maximal chains of
Iso(G1) are of length n. Since a poset isomorphism preserves the length of
such a chain, one obtains that |G2| = qn, as desired.

The above lemma can be extended to finite groups of arbitrary orders in
the following manner.
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Theorem 8. Let G1 and G2 be two finite groups such that Iso(G1) ∼= Iso(G2).
If |G1| = pα1

1 p
α2
2 · · · p

αk
k , where pi, i = 1, 2, ..., k, are distinct primes, then we

have G2 = qα1
1 qα2

2 · · · q
αk
k for some distinct primes q1, q2, ..., qk.

Proof. Let f : Iso(G1) −→ Iso(G2) be a poset isomorphism, i ∈ {1, 2, ..., k}
and Si be a Sylow pi-subgroup of G1. If f([Si]) = [S ′i], then, by Lemma
7, we have |S ′i| = qαii for some prime qi. Moreover, it is easy to see that
S ′i is a Sylow subgroup of G2. Hence |G2| is of the form qα1

1 qα2
2 · · · q

αk
k with

q1, q2, ..., qk distinct primes, completing the proof.

Proposition 1 and Theorem 8 lead to the following immediate characte-
rization of the poset isomorphism Iso(G1) ∼= Iso(G2) for two finite abelian
groups G1 and G2.

Corollary 9. Let G1and G2 be two finite abelian groups of orders pα1
1 p

α2
2 · · ·p

αk
k

and qβ11 q
β2
2 · · · qβrr , respectively. Then Iso(G1) ∼= Iso(G2) if and only if k = r

and there is a permutation σ of {1, 2, ..., k} such that βi = ασ(i) and Iso(S ′qi)
∼=

Iso(Spσ(i)), where S ′qi is the Sylow qi-subgroup of G2 and Spσ(i) is the Sylow
pσ(i)-subgroup of G1, for all i = 1, 2, ..., k.

Example. By using Corollary 9, we easily infer that

Iso(Z2 × Z6 × Z18) ∼= Iso(Z7 × Z6125).

Lemma 7 shows that the class of finite p-groups is preserved by isomor-
phisms between their posets of classes of isomorphic subgroups. Other impor-
tant classes of finite groups satisfying the same property are solvable groups,
CLT -groups and supersolvable groups, respectively. This is due to the fact
that if f : Iso(G1) −→ Iso(G2) is a poset isomorphism and G1 is of one of
the above three types, then the strong connection between the orders of G1

and G2 assures the existence of Hall subgroups, of subgroups of any orders
or the validity of the Jordan-Dedekind chain condition for G2.

Corollary 10. The classes of finite solvable groups, CLT -groups and super-
solvable groups are preserved by isomorphisms between their posets of classes
of isomorphic subgroups.

We end this section by presenting some results related to the uniqueness
of a finite group with a given poset of classes of isomorphic subgroups.

Theorem 11. Let n ≥ 2 be an integer which is not square-free. Then there
exist at least two non-isomorphic groups G1 and G2 of order n such that
Iso(G1) ∼= Iso(G2).
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Proof. Let n = pα1
1 p

α2
2 · · · p

αk
k be the decomposition of n as a product of

prime factors. We will proceed by induction on k.
Suppose first that k = 1, that is n = pα1

1 with α1 ≥ 2. For α1 = 2 we
take G1 = Zp21 and G2 = Zp1 × Zp1 . For α1 ≥ 3 we take G1 = M(pα1

1 )
(see Theorem 4.1 of [88], II) and G2 = Z

p
α1−1
1
× Zp1 if p1 6= 2, respectively

G1 = Dp
α1
1

and G2 = Z
p
α1−1
1
× Zp1 if p1 = 2.

Assume now that k ≥ 2. By the inductive hypothesis, we can choose
two non-isomorphic groups H1 and H2 of the order pα1

1 p
α2
2 · · · p

αk−1

k−1 such that
Iso(H1) ∼= Iso(H2). Then it is a simple exercise to see that the groups
G1 = H1×Zpαkk and G2 = H2×Zpαkk satisfy the desired conditions, completing
the proof.

Inspired by Theorem 11, we came up with the following conjecture, which
we have verified for several finite groups of small orders.

Conjecture 12. For every non-trivial finite group G1 whose order is not
square-free there exists a finite group G2 such that |G1| = |G2|, Iso(G1) ∼=
Iso(G2) and G1 � G2.

Remark. The above conjecture says nothing else than the implication

|G1| = |G2| and Iso(G1) ∼= Iso(G2) =⇒ G1
∼= G2

fails in all cases, except when |G1| = |G2| is a square-free number.
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2.4 Generalizations of subgroup lattices

The notion of a fuzzy subset of a set has been introduced by L.A. Zadeh [142].
It constituted the basis of a new direction of research in many branches of
pure and applied mathematics. In 1971, A. Rosenfeld used this notion to
introduce the concept of a fuzzy subgroup of a group. His paper [71] has
inspired the development of fuzzy abstract algebra and, in particular, of
fuzzy group theory (see [67]).

This section collects several results by the author about two important
problems in fuzzy group theory, namely the study of fuzzy subgroup lattices
and the problem of classifying fuzzy subgroups of finite groups.

2.4.1 Lattices of fuzzy subgroups

Let (G, ·, e) be a group (where e denotes the identity of G) and F(G) be the
collection of all fuzzy subsets of G. An element µ of F(G) is said to be a
fuzzy subgroup of G if it satisfies the following two conditions:

(i) µ(xy) ≥ min{µ(x), µ(y)}, for all x, y ∈ G;

(ii) µ(x−1) ≥ µ(x), for any x ∈ G.

In this situation we have µ(x−1) = µ(x), for any x ∈ G, and µ(e)= supµ(G).
If µ satisfies the supplementary condition

µ(xy) = µ(yx), for all x, y ∈ G,

then it is called a fuzzy normal subgroup of G. As in the case of subgroups,
the sets FL(G) and FN(G) consisting of all fuzzy subgroups and of all fuzzy
normal subgroups of G form lattices with respect to fuzzy set inclusion (more
precisely, FN(G) is a sublattice of FL(G)), called the fuzzy subgroup lattice
and the fuzzy normal subgroup lattice of G, respectively. Their binary opera-
tions ∧,∨ are defined by

µ ∧ η = µ ∩ η, µ ∨ η = 〈µ ∪ η〉, for all µ, η ∈ FL(G),

where 〈µ ∪ η〉 denotes the fuzzy subgroup of G generated by µ ∪ η (that is,
the intersection of all fuzzy subgroups of G containing both µ and η). Recall
that the lattice FN(G) is modular.
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For each α ∈ [0, 1], we define the level subset

µGα = {x ∈ G | µ(x) ≥ α}.

These subsets allow us to characterize the fuzzy (normal) subgroups of G,
in the following manner: µ is a fuzzy (normal) subgroup of G if and only
if its level subsets are (normal) subgroups in G. This well-known theorem
gives a link between FL(G) and the classical subgroup lattice L(G) of G,
respectively between FN(G) and the classical normal subgroup lattice N(G)
of G. It will constitute the main ingredient in studying some basic properties
of FL(G) and FN(G).

The fuzzy (normal) subgroups of a group G can be classified up to some
natural equivalence relations on F(G). One of them is defined by

µ ∼ η iff (µ(x) > µ(y)⇐⇒ η(x) > η(y), for all x, y ∈ G)

and two fuzzy (normal) subgroups µ, η of G are said to be distinct if µ 6∼ η.
This equivalence relation can be connected to the concept of level subgroup.
In this way, suppose that the group G is finite and let µ : G → [0, 1] be a
fuzzy (normal) subgroup of G. Put µ(G)={α1, α2, ..., αr} and assume that
α1 > α2 > ... > αr. Then µ determines the following chain of (normal) sub-
groups of G which ends in G:

(∗) µGα1 ⊂ µGα2 ⊂ ... ⊂ µGαr = G.

Moreover, for any x ∈ G and i = 1, r, we have

µ(x) = αi ⇐⇒ i = max
{
j | x ∈ µGαj

}
⇐⇒ x ∈ µGαi \ µGαi−1

,

where, by convention, we set µGα0 = ∅.
A necessary and sufficient condition for two fuzzy (normal) subgroups

µ, η of G to be equivalent with respect to ∼ is the following: µ ∼ η if and
only if µ and η have the same set of level subgroups, that is they determine
the same chain of (normal) subgroups of type (∗). This result shows that
there exists a bijection between the equivalence classes of fuzzy (normal)
subgroups of G and the set of chains of (normal) subgroups of G which end in
G. Consequently, many combinatorial problems concerning fuzzy (normal)
subgroups of G can be be translated into combinatorial problems on the
subgroup lattice L(G) (or on the normal subgroup lattice N(G)) of G.
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Distributivity in lattices of fuzzy subgroups

Based on the results of [99], in this section we will show that a result
which is similar with Ore’s theorem in Chapter 1 also holds for lattices of
fuzzy subgroups of finite groups.

Let (G, ·, e) be a finite group. Recall that every fuzzy subgroup of G
determines a chain of subgroups in G of type

H1 ⊂ H2 ⊂ ... ⊂ Hr = G

and two fuzzy subgroups µ, η of G are equivalent with respect to ∼ if they
induce the same chain of this type. Starting from this remark, a new binary
relation (denoted by ≈) can be defined on FL(G) by deleting all terms Hi,
i = 2, 3, ..., r − 1, of the above chain. So, for µ, η ∈ FL(G), we put µ ≈ η if
the first terms in the corresponding chains of µ and η are the same. Clearly,
≈ is an equivalence relation on FL(G), which is weaker than ∼ (µ ∼ η
implies that µ ≈ η). By using the level subgroups, we can describe ≈ in a
more simple way:

µ ≈ η iff µGµ(e) = ηGη(e).

A set of representatives for the equivalence classes of FL(G) modulo ≈ is

L = {µH | H ∈ L(G)},

where

µH : G −→ [0, 1], µH(x) =

{
1, x ∈ H
0, x /∈ H , for all H ∈ L(G).

Moreover, it is easy to see that for any two subgroups H and K of G, we
have

(1) µH ∧ µK = µH∧K .

Since µH∨µK = 〈µH∪µK〉 and µH∨K is a fuzzy subgroup of G which contains
µH ∪ µK , one obtains that

(2) µH ∨ µK ⊆ µH∨K .
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Next, let x ∈ G such that µH∨K(x) = 1. Then x belongs to H ∨K, the
subgroup of G generated by H ∪K. Because

µH∪µKG1 = {a ∈ G | (µH ∪ µK)(a) ≥ 1} =
= {a ∈ G | max{µH(a), µK(a)} ≥ 1} =
= {a ∈ G | µH(a) ≥ 1 or µK(a) ≥ 1} =
= {a ∈ G | µH(a) = 1 or µK(a) = 1} =
= {a ∈ G | a ∈ H or a ∈ K} =
= H ∪K,

it results x ∈ 〈µH∪µKG1〉 and so sup{α | x ∈ 〈µH∪µKGα〉} = 1. This equality
can be rewritten as (µH ∨ µK)(x) = 1, therefore the following implication
holds

µH∨K(x) = 1 =⇒ (µH ∨ µK)(x) = 1,

showing that

(3) µH∨K ⊆ µH ∨ µK .

Now, from (2) and (3) we obtain

(4) µH ∨ µK = µH∨K ,

which together with (1) lead to the following result.

Proposition 1. The set L = {µH | H ∈ L(G)} is a sublattice of FL(G).

Remark. In general, ≈ is not a congruence relation on FL(G), even if the

factor set FL(G)
≈ possesses a lattice structure (which is isomorphic to L), by

Proposition 1.

Next, let us define the map f : L(G) −→ FL(G) by f(H) = µH , for all
H ∈ L(G). Obviously, f is injective and Im f = L. On the other hand, the
equalities (1) and (4) show that f is a lattice homomorphism. Hence the
following proposition holds.

Proposition 2. The map f : L(G) −→ FL(G) defined by f(H) = µH , for
all H ∈ L(G), is a lattice embedding. In particular, the lattices L(G) and L
are isomorphic.

Since L(G) can be seen as a sublattice of FL(G), any global property of
FL(G) can be transported on L(G). This is the technique which will be used
in what follows.
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Remark. Let H ∈ N(G) and x, y be two arbitrary elements of G such that
xy ∈ H. Then we have (xH)(yH) = xyH = H. So, (yH) = (xH)−1 in
the factor group G

H
, which implies that yxH(yH)(xH) = H, that is yx ∈ H.

Therefore we have proved that

xy ∈ H ⇐⇒ yx ∈ H,

or equivalently
µH(xy) = µH(yx).

This shows that µH is contained in FN(G), and hence f maps the normal
subgroups of G into fuzzy normal subgroups. Because the lattice FN(G)
is modular, we can infer the following elementary result of subgroup lattice
theory: the normal subgroup lattice of a finite group G is modular.

Next, we will focus on determining a necessary and sufficient condition
for a finite group G to have a distributive fuzzy subgroup lattice. Suppose
first that FL(G) is a distributive lattice. Then, by Proposition 2, L(G) is
also distributive and therefore G is cyclic by Ore’s theorem.

Conversely, we will show that the fuzzy subgroup lattice of a finite cyclic
group is distributive. First of all, we need to prove two auxiliary results.

Lemma 3. If G is a finite cyclic p-group, then the lattice FL(G) is distri-
butive.

Proof. It is well-known that under our hypothesis L(G) is a chain. Let µ, η
be two fuzzy subgroups of G and α ∈ Imµ ∪ η. Then α is contained in the
image of at least one of these fuzzy subgroups, say α ∈ Im η. So, ηGα is a
subgroup of G. Put Imµ = {α1, α2, ..., αr}, where 1 ≥ α1 > α2 > · · · > αr ≥
0. Then we have

µGα =


∅, if 1 ≥ α > α1

µGαs , if αs ≥ α > αs+1 for some s = 1, r − 1
G, if αr ≥ α ≥ 0,

which implies that

µ∪ηGα=µGα∪ηGα=

 ηGα, if 1 ≥ α > α1

µGαs ∪ ηGα, if αs ≥ α > αs+1 for some s = 1, r − 1
G, if αr ≥ α ≥ 0.

Since L(G) is fully ordered, the union of any two subgroups of G is also a
subgroup in G, and therefore µ∪ηGα ∈ L(G). Thus, all level subsets of µ ∪ η
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are subgroups of G, which show that µ∪η ∈ FL(G). Therefore µ∨η = µ∪η,
that is the binary operations in the lattices FL(G) and F(G) are the same.
Hence FL(G) is distributive, in view of the distributivity of F(G).

In the following, assume that G is an arbitrary finite cyclic group. Then
it has a direct decomposition of type

G =
k∏
i=1

Gi,

where Gi is a finite cyclic pi-group, for all i = 1, k. Since Gi, i = 1, 2, ..., k,
are of coprime orders, one obtains that

L(G) ∼=
k∏
i=1

L(Gi),

a lattice isomorphism which is frequently used in order to reduce many pro-
blems on L(G) to the subgroup lattices of finite cyclic p-groups. Our next aim
is to study whether a similar connection holds between the fuzzy subgroup
lattices of G and Gi, i = 1, k.

Lemma 4. Let G be a finite cyclic group and G =
∏k

i=1Gi be the direct
decomposition of G as product of finite cyclic p-groups. Then the map g :
FL(G) −→

∏k
i=1 FL(Gi) defined by

g(µ) = (µ|G1, µ|G2, ..., µ|Gk), for all µ ∈ FL(G),

is an injective lattice homomorphism.

Proof. Clearly, g is a lattice homomorphism and thus we have to prove
only that g is injective. Remark also that it is sufficient to verify this for
k = 2. So, let G be a finite cyclic group of order n which possesses a direct
decomposition of type

G = G1 ×G2,

where Gi
∼= Zpmii , i = 1, 2 (p1, p2 distinct primes). Taking a generator x of

G, we have

G1 = 〈xp
m2
2 〉 =

{
xup

m2
2 | u = 0, 1, ..., pm1

1 − 1
}

and
G2 = 〈xp

m1
1 〉 =

{
xvp

m1
1 | v = 0, 1, ..., pm2

2 − 1
}
.
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We will show that every fuzzy subgroup µ of G is uniquely determined
by its restrictions on G1 and G2. Let s ∈ {0, 1, ..., n − 1} and d = (s, n).
Then d|s and therefore there exists t ∈ N such that s = dt. By using the
first condition in the definition of a fuzzy subgroup, one obtains that

(5) µ(xs) = µ(xdt) ≥ µ(xd).

On the other hand, d can be written as d = as + bn with a, b ∈ Z. Then
xd = xas+bn = xasxbn = xas, which implies that

(6) µ(xd) = µ(xas) ≥ µ(xs).

Obviously, the inequalities (5) and (6) give us

(7) µ(xs) = µ(xd).

Because n=pm1
1 pm2

2 and d|n, we have d=pr11 p
r2
2 for some r1 ∈ {0, 1, ...,m1−1}

and r2 ∈ {0, 1, ...,m2 − 1}. Let xn−d = xup
m2
2 xvp

m1
1 , in view of the direct

decomposition of G. Then pr11 |u and pr22 |v, therefore u and v are of type
u = pr11 u

′ and v = pr22 v
′, respectively. It follows that

µ(xd) = µ(xn−d) = µ
(
xup

m2
2 xvp

m1
1

)
≥

≥ min
{
µ
(
xup

m2
2

)
, µ
(
xvp

m1
1

)}
=

= min
{
µ
(
xu
′p
r1
1 p

m2
2

)
, µ
(
xv
′p
m1
1 p

r2
2

)}
=

= min
{
µ
(

(xd)u
′p
m2−r2
2

)
, µ
(

(xd)v
′p
m1−r1
1

)}
≥

≥ min
{
µ(xd), µ(xd)

}
= µ(xd).

Thus, we have

µ(xd) = min
{
µ
(
xup

m2
2

)
, µ
(
xvp

m1
1

)}
,

which together with (7) show that the values µ(xs), s = 0, 1, ..., n−1, depend
only on µ|G1 and µ|G2. Hence the map g is injective.

Remark. Suppose that k ≥ 2 in the above lemma. Then, by taking two
fuzzy subgroups µ1 ∈ FL(G1) and µ2 ∈ FL(G2) such that µ1(e) 6= µ2(e),
there is no fuzzy subgroup µ of G satisfying µ|G1 = µ1 and µ|G2 = µ2.
Therefore the map g is not onto, and so

FL(G) 6∼=
k∏
i=1

FL(Gi) .
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Consequently, the decomposability of the subgroup lattice of a finite cyclic
group is a property which cannot be extended to the fuzzy case.

We are now able to prove the distributivity of the fuzzy subgroup lattice
FL(G) of a finite cyclic group G. From Lemma 4 we know that FL(G) can
be embedded in

∏k
i=1 FL(Gi). Since by Lemma 3 all the lattices FL(Gi),

i = 1, 2, ..., k, are distributive, so is their direct product
∏k

i=1 FL(Gi). Thus
FL(G) is distributive, too.

Hence the following theorem holds.

Theorem 5. A finite group G is cyclic if and only if FL(G) is a distributive
lattice.

Moreover, by using Ore’s theorem, we also infer the following corollary.

Corollary 6. Given a finite group G, the subgroup lattice L(G) is distributive
if and only if the fuzzy subgroup lattice FL(G) is distributive.

A note on the lattice of fuzzy subgroups of a finite group

Based on the results of [108], in this section we will discuss the possibility
that the fuzzy subgroup lattice of a finite group to be fully ordered.

It is well-known that there are large classes of finite groups G with L(G)
(and, in particular, N(G)) fully ordered. The same thing cannot be said
about fuzzy (normal) subgroup lattices with respect to their natural ordering
relations.

Theorem 7. Let G be a nontrivial finite group. Then both FL(G) and
FN(G) are not fully ordered under the usual fuzzy set inclusion.

Proof. Since G is nontrivial, its trivial subgroup {e} is different from G.
Let us define maps µ, η : G −→ [0, 1] by

µ(x) =

{
3
4
, x = e

1
4
, x 6= e

and η(x) =
1

2
, for all x ∈ [0, 1].

Then both µ and η are fuzzy normal subgroups of G. On the other hand, it
is obvious that µ and η are not comparable, which completes our proof.

Remark. The above fuzzy subgroups µ and η of G are distinct because they
determine two different chains of subgroups of type (∗), namely {e} ⊂ G and
G. Let η′ be the fuzzy normal subgroup of G given by

η′(x) =

{
1 , x = e
1
5
, x 6= e .
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Then we have µ ∼ η′, but µ and η′ are also not comparable. This shows that
the restriction of the usual fuzzy set inclusion to each equivalence class with
respect to ∼, excepting the class of constant fuzzy subgroups, is not a fully
ordering relation, too.

By Theorem 7, we infer that the property to be fully ordered is a coun-
terexample where extending properties from subgroup lattices to fuzzy sub-
group lattices becomes non-trivial. We also infer that in order to make
FL(G) and FN(G) fully ordered we must introduce other ordering relations
on these sets.

We begin by defining a such ordering relation on an arbitrary equivalence
class modulo ∼, say C. As we have seen in the above section, C is uniquely
determined by a chain of subgroups in G of type H1 ⊂ H2 ⊂ ... ⊂ Hr = G.
Let µ, η ∈ C. Then µ and η are of the form

µ(x) =


α1, x ∈ H1

α2, x ∈ H2 \H1

...
αr, x ∈ Hr \Hr−1

and η(x) =


β1, x ∈ H1

β2, x ∈ H2 \H1

...
βr, x ∈ Hr \Hr−1 ,

where α1 > α2 > ... > αr and β1 > β2 > ... > βr. We define:

µ ≤1 η iff αi = βi, for all i = 1, r, or there is q ∈ {1, 2, ..., r} such that

α1 = β1, α2 = β2, ..., αq−1 = βq−1 and αq < βq.

Then we can easily see that ≤1 is a fully ordering relation on C, which is
similar with the well-known lexicographical order.

Our next aim is to study whether ≤1 can be extended to a fully ordering
relation on FL(G). Let us suppose that µ and η are two distinct fuzzy
subgroups of G and let H1 ⊂ H2 ⊂ ... ⊂ Hr = G and K1 ⊂ K2 ⊂ ... ⊂ Ks =
G be the chains of subgroups of G corresponding to µ and η, respectively.

If {H1, H2, ..., Hr} ⊆ {K1, K2, ..., Ks} (say Hj = Kij , j = 1, 2, ..., r), then
µ is of the same form as η, namely

µ(x) =


α1, x ∈ K1, K2 \K1, ..., Ki1 \Ki1−1
α2, x ∈ Ki1+1 \Ki1 , Ki1+2 \Ki1+1, ..., Ki2 \Ki2−1
...
αr, x ∈ Kir−1+1 \Kir−1 , Kir−1+2 \Kir−1+1, ..., Kir \Kir−1 ,
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and it is clear that we can define µ ≤1 η as above. So, a new ordering relation
≤′1 on FL(G) is obtained:

µ ≤′1 η iff {H1, H2, ..., Hr} ⊆ {K1, K2, ..., Ks} and µ ≤1 η.

This is not total for an arbitrary finite group G, because in general the set
of all chains of the above type in G is not fully ordered relative to the usual
set inclusion.

A second manner to treat our problem consists in extending the property
of ≤1 to be total only to maximal equivalence classes modulo ∼ (that is,
equivalence classes determined by maximal chains of subgroups in G), and
not to all FL(G). This can be made by asking that µ and η verify a condition
of type

(∗∗) Hi, i = 1, r, andKj, j = 1, s, are terms of the same maximal chain of G,

that also allows us to define µ ≤1 η as above. In this way, by putting

µ ≤′′1 η iff µ and η satisfy (∗∗), and µ ≤1 η,

we get another ordering relation ≤′′1 on FL(G) which induces a fully ordering
relation on every maximal equivalence class with respect to ∼.

Obviously, we are interested to see when the ordering relations ≤′1 and
≤′′1 become total. We came up with the following lemma, whose proof is a
simple exercise.

Lemma 8. Under the above notation, the following conditions are equivalent:

(a) ≤′1 is a fully ordering relation on FL(G).

(b) ≤′′1 is a fully ordering relation on FL(G).

(c) G possesses only one maximal chain of subgroups.

The previous condition (c) means that L(G) is fully ordered, and it is
well-known that this is equivalent with the fact that G is a cyclic p-group
(see e.g. [75]). Hence we have proved the following theorem regarding to two
situations when FL(G) becomes a fully ordered lattice.

Theorem 9. A finite group G is a cyclic p-group if and only if the set FL(G)
of all fuzzy subgroups of G is fully ordered under one of the above ordering
relations ≤′1 or ≤′′1 .
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The next corollary follows immediately from Theorem 9.

Corollary 10. Given a finite group G, the subgroup lattice L(G) is fully
ordered if and only if the fuzzy subgroup lattice FL(G) is fully ordered with
respect to ≤′1 or ≤′′1 .

A result similar with Theorem 9 also holds for the set FN(G).

Theorem 11. The normal subgroup lattice N(G) of a finite group G is fully
ordered if and only if the set FN(G) of all fuzzy normal subgroups of G is
fully ordered under one of the above ordering relations ≤′1 or ≤′′1 .

Remark that in this case the only difference is that the structure of ar-
bitrary finite groups G having N(G) fully ordered is unknown. For some
particular classes of finite groups that satisfy this property we infer the fol-
lowing corollary.

Corollary 12. The set of all fuzzy normal subgroups of a finite cyclic p-
group, a finite simple group, a finite symmetric group or a dihedral group of
order 2pk, where p is an odd prime and k ∈ N, is fully ordered with respect
to each ordering relations ≤′1 and ≤′′1 .

Finally, we mention that other fully ordering relations can obviously be
introduced on the sets FL(G) and FN(G). Their study, as well as esta-
blishing connections with classical group theory constitute interesting open
problems on fuzzy subgroup lattices.

On the converse of Fuzzy Lagrange’s Theorem

Based on the results of [123], in this section we will investigate the con-
verse of one version of fuzzy Lagrange’s theorem.

One of the most important results of finite group theory is the Lagrange’s
theorem. The fuzzification of this theorem has been studied by several au-
thors and a lot of results one could call a Fuzzy Lagrange’s Theorem have
been obtained (see Section 2.3 of [67]). In the following we will focus on one
of them, Theorem 2.3.17 of [67], that will be called the Fuzzy Lagrange’s
Theorem.

Fuzzy Lagrange’s Theorem. Let G be a finite group of order n. Then
O(µ) is a divisor of n, for every fuzzy subgroup µ of G.

On the other hand, it is well-known that the converse of the classical
Lagrange’s theorem is not true for all finite groups. More precisely, the finite
groups satisfying it, usually called CLT -groups, determine a class between
supersolvable groups and solvable groups. In what follows we study the
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analogue problem for fuzzy subgroups. First of all, we formulate the converse
of the above theorem.

Converse of Fuzzy Lagrange’s Theorem. Let G be a finite group of
order n. Then, for every divisor d of n, there is a fuzzy subgroup µd of G
such that O(µd) = d.

By taking G of small order, we observe that the Converse of Fuzzy La-
grange’s Theorem is true for the cyclic groups Z2, Z3, ... and so on, but
it fails for the Klein’s group Z2 × Z2 (that has no fuzzy subgroup of order
4) or for the symmetric group S3 (that has no fuzzy subgroup of order 3).
In this way, the following question is natural: which are the finite groups G
satisfying the Converse of Fuzzy Lagrange’s Theorem?

Our main result answers completely this question, by proving that:

Theorem 13. A finite group G satisfies the Converse of Fuzzy Lagrange’s
Theorem if and only if it is cyclic.

Remark that one obtains a new characterization of the finite cyclic groups
by using ”fuzzy group ingredients”.

First of all, we recall the concept of fuzzy order of an element x ∈ G
relative to a fuzzy subgroup µ ∈ FL(G), as follows. If there exists n ∈ N∗
such that µ(xn) = µ(e), then x is said to be of finite fuzzy order with respect
to µ and the least such positive integer n is called the fuzzy order of x with
respect to µ and written as FOµ(x). If no such n exists, x is said to be of
infinite fuzzy order with respect to µ. Clearly, in a finite group G all elements
have finite fuzzy orders relative to any fuzzy subgroup of G. Under the above
hypotheses, we also have

FOµ(x) = oH(x),

where H = {a ∈ G | µ(a) = µ(e)} ≤ G and oH(x) denotes the order of x
relative to H (i.e. the smallest positive integer n such that xn ∈ H, if there
exists such a positive integer). In particular, if H is the trivial subgroup {e}
of G, then

FOµ(x) = o(x),

the (classical) order of x in G.
Let µ ∈ FL(G). If there exists n ∈ N∗ such that µ(xn) = µ(e), for all

x ∈ G, then the smallest such positive integer is called the fuzzy order of µ
and written as O(µ). If no such positive integer exists, then µ is said to be
of infinite fuzzy order. It follows immediately that if G is a finite group, then

O(µ) = lcm{FOµ(x) | x ∈ G},
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or equivalently
O(µ) = expH(G),

the exponent of G relative to H = {a ∈ G | µ(a) = µ(e)} ≤ G (i.e. the least
common multiple of the orders of all elements of G relative to H).

Next, we prove two auxiliary results.

Lemma 14. Let G be a finite group which satisfies the Converse of Fuzzy
Lagrange’s Theorem. Then all Sylow subgroups of G are cyclic.

Proof. Let n be the order of G. By our hypothesis, there is a fuzzy subgroup
µn of G satisfying O(µn) = n. This means that there is a subgroup H of G
satisfying expH(G) = n. Since expH(G) | exp(G), one obtains

(8) exp(G) = n.

Let n = pα1
1 p

α2
2 ...p

αk
k be the decomposition of n as a product of prime

factors and i ∈ {1, 2, ..., k}. By (8), we infer that there exists a ∈ G whose
order is divisible by pαii , say o(a) = pαii q for some q ∈ N∗. Then o(aq) = pαii ,
that is G contains an element of order pαii . In other words, G possesses
a cyclic Sylow pi-subgroup, and therefore all Sylow pi-subgroups of G are
cyclic. This completes the proof.

Remark. The finite groups with all Sylow subgroups cyclic are usually called
ZM-groups and their structure has been described in Section 2.1.5. More
precisely, such a group is of type

ZM(m,n, r) = 〈a, b | am = bn = 1, b−1ab = ar〉,

where the triple (m,n, r) satisfies the conditions

gcd(m,n) = gcd(m, r − 1) = 1 and rn ≡ 1 (mod m).

The subgroups of ZM(m,n, r) are also known. Set

L =

{
(m1, n1, s) ∈ IN3 | m1 | m, n1 | n, s < m1, m1 | s

rn − 1

rn1 − 1

}
.

Then there is a bijection between L and L(ZM(m,n, r)), namely the function
that maps a triple (m1, n1, s) ∈ L into the subgroup H(m1,n1,s) defined by

H(m1,n1,s) =

n
n1⋃
k=1

α(n1, s)
k〈am1〉 = 〈am1 , α(n1, s)〉,
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where α(x, y) = bxay, for all 0 ≤ x < n and 0 ≤ y < m.

Lemma 15. Let G = ZM(m,n, r) be a ZM-group satisfying the Converse
of Fuzzy Lagrange’s Theorem. Then G is cyclic.

Proof. By applying our hypothesis for d = n, we infer that there is a
subgroup H = H(m1,n1,s) of G such that

(9) expH(G) = m.

On the other hand, we have

expH(G) = lcm{oH(a), oH(b)} = oH(a)oH(b),

where a and b are the generators of G. Since oH(a) | m, oH(b) | n and
gcd(m,n) = 1, it follows that we must have oH(a) = m and oH(b) = 1. This
leads to m1 = m, n1 = 1 and s = 0, that is

H = H(m,1,0) = 〈b〉.

Let x = aba−1 ∈ G. It is easy to see that

(10) oH(x) | n,

because o(x) = o(b) = n. By (9), one obtains that

(11) oH(x) | m.

Obviously, the relations (10) and (11) imply oH(x) = 1, in view of the condi-
tion gcd(m,n) = 1. In this way, we have x ∈ H, say x = bk for some integer
k. It results that ar−1 = bk−1 and therefore r = k = 1. This shows that
b−1ab = a, i.e. ab = ba. Hence G is cyclic, as desired.

We are now able to prove our main result.

Proof of Theorem 13. If a finite group G satisfies the Converse of Fuzzy
Lagrange’s Theorem, then it is cyclic by Lemmas 14 and 15.

Conversely, let G = 〈a〉 be a cyclic group of order n and d be an arbitrary
divisor of n. Take H = 〈ad〉. Then we can easily see that

expH(G) = exp(G/H) = |G/H| = d.

Define the fuzzy subset µd : G −→ [0, 1] by

µd(x) =

{
1, x ∈ H
0, x ∈ G \H , ∀ x ∈ G.
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Then the corresponding level subsets

µdG1 = H and µdG0 = G

are subgroups of G, that is µd ∈ FL(G). Moreover, we have O(µd) = d. In
other words, G satisfies the Converse of Fuzzy Lagrange’s Theorem.

Remark. It is well-known that all subgroups of a cyclic group are normal.
Then the fuzzy subgroup µd defined above is in fact a fuzzy normal subgroup
of G. This shows that the main theorem can be reformulated in the following
way: A finite group G of order n is cyclic if and only if , for every divisor d
of n, there is a fuzzy normal subgroup µd of G such that O(µd) = d.

2.4.2 The problem of classifying fuzzy subgroups

The problem of classifying fuzzy (normal) subgroups of a finite group G
consists of defining certain equivalence relations on FL(G) (or on FN(G))
and of counting all distinct fuzzy (normal) subgroups of G with respect to
these equivalence relations. By using the equivalence relation ∼ defined
above, this can be treated as a combinatorial problem on L(G) (or on N(G)):
finding the number of all chains of (normal) subgroups of G that terminate
in G.

In the following we will determine these numbers f(G) and f ′(G) for
several classes of finite groups G.

Classifying fuzzy subgroups of finite abelian groups

Even for finite abelian groups G, the problem of finding f(G) (=f ′(G))
is very difficult. We were able to solve it completely only in two particular
cases: for cyclic groups and for elementary abelian p-groups (see [95] and
[131], respectively).

First of all, we will focus on finite cyclic groups. Let Zn be the finite
cyclic group of order n and pn1

1 p
n2
2 · · · p

nk
k be the decomposition of n as a

product of prime factors. Then, by Theorem 1 of [95], the number f(Zn) =
fk(n1, n2, ..., nk) of all distinct fuzzy subgroups of Zn satisfies the following
recurrence relation

fk(n1, n2, ..., nk) =

= 2
k∑
r=1

(−1)r−1
∑

1≤i1<i2<...<ir≤k

fk(n1, ..., ni1− 1, ..., ni2− 1, ..., nir− 1, ..., nk) ,
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whose solution of has been determined by using the method of generating
functions (see e.g. [81]).

Theorem 1. The number of all distinct fuzzy subgroups of Zn is given by
the following equality

f(Zn) = 2

k∑
r=1

nr
n2∑
i2=0

n3∑
i3=0

...

nk∑
ik=0

(
−1

2

) k∑
α=2

iα k∏
α=2

(
nα
iα

)(
n1 +

α∑
β=2

(nβ − iβ)

nα

)
,

where the above iterated sums are equal to 1 for k = 1.

In the particular case when k = 2, one obtains the following result.

Corollary 2. The number of all distinct fuzzy subgroups of a finite cyclic
group of order pnqm (p, q primes) is

2n+m
m∑
r=0

(
−1

2

)r (
m

r

)(
n+m− r

m

)
,

or equivalently

2n+m
m∑
r=0

1

2r

(
n

r

)(
m

r

)
.

A connection between the fuzzy subgroups of a finite cyclic group with k
direct factors and the lattice paths of Zk has been established in [98]. This
lead to an explicit formula for the well-known central Delannoy numbers.

Recall that in the k-dimensional space Zk we consider a lattice path to
be represented as a concatenation of directed steps. Fix non-negative inte-
gers n1, n2, ..., nk and let L(n1, n2, ..., nk) denote the lattice consisting of all
integer points (a1, a2, ..., ak) ∈ Zk satisfying 0 ≤ ai ≤ ni, i = 1, k. This is par-
tially ordered by the dominance relation ” ≤ ”, defined by (a1, a2, ..., ak) ≤
(b1, b2, ..., bk) if and only if ai ≤ bi for all i = 1, k. The Delannoy num-
bers D(n1, n2, ..., nk) count the number of lattice paths in L(n1, n2, ..., nk)
from (0, 0, ..., 0) to (n1, n2, ..., nk) in which only nonzero steps of the form
(x1, x2, ..., xk) with xi ∈ {0, 1}, i = 1, k, are allowed (such a path is some-
times referred to as a restricted king’s walk). When ni, i = 1, k, have the
same value n, we refer to dkn = D(n, n, ..., n) as the central Delannoy num-
bers. They are used in counting a lot of mathematical configurations (see
[83]) and many results concerning these numbers have been obtained. We
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recall here only the following remarkable identity (see [82] for k = 2 and [30]
for an arbitrary k)

(1) ekn = 2n−1dkn ,

where ekn counts the lattice paths of L(n1, n2, ..., nk) from the origin to the
integer point (n, n, ..., n) that use non-zero steps of the form (x1, x2, ..., xk)
with xi ≥ 0, i = 1, 2, ..., k.

In the following, let G be a finite cyclic group of order pn1
1 p

n2
2 · · · p

nk
k

(p1, p2, ..., pk distinct primes) and let µ : G → [0, 1] be a fuzzy subgroup of
G. Put µ(G)={α1, α2, ..., αr} and suppose that α1 > α2 > ... > αr. Then the
level subgroups of µ determines the following chain of subgroups of G which
ends in G:

(2) µGα1 ⊂ µGα2 ⊂ ... ⊂ µGαr = G.

Moreover, for any x ∈ G and i = 1, r, we have

µ(x) = αi ⇐⇒ i = max
{
j | x ∈ µGαj

}
⇐⇒ x ∈ µGαi \ µGαi−1

,

where, by convention, we set µGα0 = ∅.
Our first aim is to study the equivalence class of µ modulo ∼, more

precisely what can be said about a fuzzy subgroup η of G which is equivalent
to µ. If η(G)={β1, β2, ..., βs} with β1 > β2 > ... > βs, then η induces also a
chain of subgroups of G that terminates in G:

(2′) ηGβ1 ⊂ ηGβ2 ⊂ ... ⊂ ηGβs = G.

First of all, we shall prove that s = r. Assume that s 6= r and, without
loss of generality, that s < r. Choose the following elements: x1 ∈ µGα1 ,
x2 ∈ µGα2 \ µGα1 , ..., xr ∈ µGαr \ µGαr−1 . Then µ(x1) > µ(x2) > ... > µ(xr).
Since µ ∼ η, it obtains η(x1) > η(x2) > ... > η(xr) and so η(G) has at least
r elements, a contradiction. Thus s = r.

Now, let us consider an index i ∈ {1, 2, ..., r} minimal with the property
that µGαi 6=ηGβi . For i = 1, by taking x ∈ µGα1 \ ηGβ1 it results µ(x) = α1 =
µ(e) and η(x) < β1 = η(e), which contradict the relation µ ∼ η. For i ≥ 2,
we distinguish the following two cases.

Case 1. µGαi⊂ηGβi or µGαi⊃ηGβi

Suppose that µGαi⊂ηGβi (the other situation is similar) and take an element
x ∈ ηGβi \ µGαi . Because µGαi−1

=ηGβi−1
, x is not contained in ηGβi−1

. It
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follows that η(x) = βi. For an arbitrary y ∈ µGαi , we get µ(y) ≥ αi > µ(x)
and η(y) ≤ βi = η(x), a contradiction.

Case 2. µGαi*η
Gβi and µGαi+η

Gβi

In this situation there exist x ∈ µGαi \ ηGβi and y ∈ ηGβi \ µGαi . Therefore
µ(x) = αi > µ(y) and η(x) < βi = η(y), contradicting again our hypothesis.

In this way, we have shown that the relation µ ∼ η implies that the
subgroup chains (2) and (2’) must coincide.

Conversely, if the chains (2) and (2’) are the same, then let x, y ∈ G such
that µ(x) > µ(y). This means that we have µ(x) = αi and µ(y) = αj with
αi > αj, for some i and j. From the equalities µGαi=ηGβi and µGαj=ηGβj , we
easily obtain η(x) = βi > βj = η(y). Thus µ ∼ η and therefore an equivalence
class of fuzzy subgroups of G with respect to ∼ (in other words, a distinct
fuzzy subgroup of G) is uniquely determined by a chain of subgroups of G
which ends in G.

Next, in the chain (2) set |µGαi | = pa1i1 pa2i2 · · · p
aki
k , for all i = 1, r. Then

one obtains the following lattice path in L(n1, n2, ..., nk):

(3) (a11, a21,..., ak1)≤(a12, a22,..., ak2)≤ ...≤(a1r, a2r,..., akr)=(n1, n2,..., nk).

Clearly, the previous correspondence between the chains of type (2) and the
lattice paths of type (3) is bijective, and hence we have proved the following
theorem.

Theorem 3. Let G be a finite cyclic group of order pn1
1 p

n2
2 · · · p

nk
k (where

p1, p2,..., pk are distinct primes) and L(n1, n2, ..., nk) be the lattice of integer
points (a1, a2, ..., ak) satisfying 0 ≤ ai ≤ ni, for all i = 1, 2, ..., k. Then there
exists a bijection between the set of distinct fuzzy subgroups of G and the set
of lattice paths with nonzero arbitrary steps in L(n1, n2, ..., nk) that terminate
in (n1, n2, ..., nk).

Obviously, every lattice path L in L(n1, n2, ..., nk) from (0, 0, ..., 0) to
(n1, n2, ..., nk) determines two paths of type (3): L itself and the path ob-
tained from L by eliminating the origin. So, Theorems 1 and 3 imply the
following result.

Theorem 4. The number ekn1,n2,...,nk
of all lattice paths with nonzero arbi-

trary steps in L(n1, n2, ..., nk) from (0, 0, ..., 0) to (n1, n2, ..., nk) satisfies the
following equality

ekn1,n2,...,nk
=

1

2
fk(n1, n2, ..., nk),
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where fk(n1, n2, ..., nk) = f(Zn) has been computed in Theorem 1.

In particular, by taking n1 = n2 = ... = nk = n (notice that we have
ekn,n,...,n = ekn) and using the identity (1) we infer the following corollary, too.

Corollary 5. The central Delannoy numbers dkn are given by the equality

dkn =
1

2n
fk(n, n, ..., n) = 2(k−1)n

n∑
i2,i3,...,ik=0

(
−1

2

) k∑
r=2

ir k∏
r=2

(
n

ir

)(
rn−

r∑
s=2

is

n

)
,

where the above iterated sums are equal to 1 for k = 1.

For k = 2 and k = 3, the equality in Corollary 5 becomes

(4) d2n = 2n
n∑

m=0

(
−1

2

)m(
n

m

)(
2n−m

n

)
and

(4′) d3n = 22n

n∑
u,v=0

(
−1

2

)u+v (
n

u

)(
n

v

)(
2n− u
n

)(
3n− u− v

n

)
,

respectively. We note that an equivalent way of writing d2n is the following

(5) d2n = 2n
n∑

m=0

1

2m

(
n

m

)2

,

which seems to be the simplest formula to generate the well-known sequence
of central Delannoy numbers in the 2-dimensional case: 1, 3, 13, 63, 321,
1683, 8989, 48639, ... and so on.

We also observe that (5) implies the following two inequalities verified by
the numbers d2n:

(6)

(
2n

n

)
≤ d2n ≤ 2n

(
2n

n

)
and

(6′) 2n+1 − 1 ≤ d2n ≤ (2n+1 − 1)

(
n[n
2

])2

.
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Next, we will focus on finite elementary abelian p-groups. The number of
all distinct fuzzy subgroups of such a group has been computed in the main
result of [131].

Theorem 6. The number of all distinct fuzzy subgroups of the elementary
abelian p-group Znp is given by the following equality

f(Znp ) = 2+2g(n)
n−1∑
k=1

∑
1≤i1<i2<...<ik≤n−1

1

g(n−ik)g(ik−ik−1) · · · g(i2−i1)f(i1)
,

where g : N −→ N is the function defined by g(0) = 1 and g(r) =
r∏
s=1

(ps − 1)

for all r ∈ N∗.
Proof. We observe first that every chain of subgroups of Znp which ends in
Znp are of one of the following types:

(7) G1 ⊂ G2 ⊂ ... ⊂ Gm = Znp with G1 6= 1

and

(8) 1 ⊂ G2 ⊂ ... ⊂ Gm = Znp .

It is clear that the numbers of chains of types (7) and (8) are equal. So

(9) f(Znp ) = 2xn ,

where xn denotes the number of chains of type (8). On the other hand, such
a chain is obtained by adding Znp to the chain

1 ⊂ G2 ⊂ ... ⊂ Gm−1,

where Gm−1 runs over all subgroups of Znp . Moreover, Gm−1 is also an ele-
mentary abelian p-group, say Gm−1 ∼= Zkp with 0 ≤ k ≤ n. These show that
the chain xn, n ∈ N, satisfies the following recurrence relation

(10) xn =
n−1∑
k=0

an,p(k)xk ,

where an,p(k) denotes the number of subgroups of order pk in Znp , k =
0, 1, ..., n.
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We will prove by induction on n that the solution of (10) is given by

(11) xn = 1+
n−1∑
k=1

∑
1≤i1<i2<...<ik≤n−1

an,p(ik)aik,p(ik−1) · · · ai2,p(i1) .

Clearly, (11) is trivial for n = 1. Assume that it holds for all k < n. One
obtains

xn =
n−1∑
k=0

an,p(k)xk = 1 +
n−1∑
k=1

an,p(k)xk =

= 1+
n−1∑
k=1

an,p(k)

(
1 +

k−1∑
r=1

∑
1≤i1<i2<...<ir≤k−1

ak,p(ir)air,p(ir−1) · · · ai2,p(i1)

)
=

= 1+
n−1∑
k=1

an,p(k) +
n−1∑
k=1

an,p(k)
k−1∑
r=1

∑
1≤i1<i2<...<ir≤k−1

ak,p(ir)air,p(ir−1) · · · ai2,p(i1) =

= 1+
n−1∑
k=1

an,p(k) +
n−1∑
k=1

an,p(k)
n−2∑
r=1

∑
1≤i1<i2<...<ir≤k−1

ak,p(ir)air,p(ir−1) · · · ai2,p(i1) =

= 1+
n−1∑
k=1

an,p(k)+
n−1∑
k=1

an,p(k)
n−1∑
r=2

∑
1≤i1<i2<...<ir−1≤k−1

ak,p(ir−1)air−1,p(ir−2) · · · ai2,p(i1) =

= 1+
∑

1≤i1≤n−1

an,p(i1)+
n−1∑
r=2

n−1∑
k=1

an,p(k)
∑

1≤i1<i2<...<ir−1≤k−1

ak,p(ir−1)air−1,p(ir−2) · · · ai2,p(i1) =

= 1+
∑

1≤i1≤n−1

an,p(i1) +
n−1∑
r=2

∑
1≤i1<i2<...<ir≤n−1

an,p(ir)air,p(ir−1) · · · ai2,p(i1) =

= 1 +
n−1∑
r=1

∑
1≤i1<i2<...<ir≤n−1

an,p(ir)air,p(ir−1) · · · ai2,p(i1) ,

as desired. Since

an,p(k) =
(pn − 1) · · · (p− 1)

(pk − 1) · · · (p− 1)(pn−k − 1) · · · (p− 1)
=

g(n)

g(k)g(n− k)
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for all 0 ≤ k ≤ n, the equalities (9) and (11) imply that

f(Znp ) = 2 + 2g(n)
n−1∑
k=1

∑
1≤i1<i2<...<ik≤n−1

1

g(n−ik)g(ik−ik−1) · · · g(i2−i1)g(i1)
,

completing the proof.

Remark. Obviously, by using a computer algebra program, we are able to
calculate the first terms of the chain f(Znp ), n ∈ N, namely:

- f(Z0
p) = 1;

- f(Z1
p) = 2;

- f(Z2
p) = 2p+ 4;

- f(Z3
p) = 2p3 + 8p2 + 8p+ 8;

- f(Z4
p) = 2p6 + 12p5 + 24p4 + 36p3 + 36p2 + 24p+ 16.

We also observe that f(Znp ) is a polynomial in p of degree
n(n− 1)

2
, for

all n ∈ N.

Classifying fuzzy subgroups of finite non-abelian groups

In this section we will develop a general method of counting all distinct
fuzzy subgroups of a finite non-abelian group. This will be exemplified for
finite dihedral groups (see [109]).

Let G be a finite group and M1,M2, ...,Mk be the maximal subgroups of
G. Recall that we must count the chains of subgroups of G of type (∗). Our
technique is founded on applying the Inclusion-Exclusion Principle and then
on solving certain recurrence relations.

We denote by C the set of chains of G of type

H1 ⊂ H2 ⊂ ... ⊂ Hr = G,

by C ′ the set of chains in G of type

H1 ⊂ H2 ⊂ ... ⊂ Hr 6= G

and by Ci the set of chains of C ′ which are contained in Mi, i = 1, 2, ..., k.
Then we have
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|C| = 1 + |C ′| = 1 +
∣∣∣ k⋃
i=1

Ci
∣∣∣ =

= 1 +
k∑
i=1

|Ci| −
∑

1≤i1<i2≤k

|Ci1 ∩ Ci2|+ ...+ (−1)k−1
∣∣∣ k⋂
i=1

Ci
∣∣∣.

Clearly, for every 1 ≤ ` ≤ k and 1 ≤ i1 < i2 < ... < i` ≤ k, the set
⋂̀
j=1

Cij

consists of all chains of C ′ which are included in
⋂̀
j=1

Mij . This shows that

∣∣∣ ⋂̀
j=1

Cij
∣∣∣ = 2h

( ⋂̀
j=1

Mij

)
− 1

and therefore

|C|=1+
k∑
i=1

(2h(Mi)−1)−
∑

1≤i1<i2≤k

(2h(Mi1∩Mi2)−1)+...+(−1)k−1(2h
( k⋂
i=1

Mi

)
−1)=

= 2

(
k∑
i=1

h(Mi)−
∑

1≤i1<i2≤k

h(Mi1 ∩Mi2) + ...+ (−1)k−1h
( k⋂
i=1

Mi

))
+ c,

where

c = 1 +
k∑
i=1

(−1)−
∑

1≤i1<i2≤k

(−1) + ...+ (−1)k−1(−1) = (1− 1)k = 0.

Hence f(G) (= |C|) is given by the following equality:

(12) f(G)=2

(
k∑
i=1

h(Mi)−
∑

1≤i1<i2≤k

f(Mi1 ∩Mi2) + ...+ (−1)k−1f
( k⋂
i=1

Mi

))
.

If the maximal subgroup structure of G is known (i.e. if we know the
number of maximal subgroups of G, their types and their intersections), in
some cases the equality (12) will lead to some recurrence relations that permit
us to determine precisely f(G).
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Next, we will focus on dihedral groups D2n, n ≥ 2. It is well-known that
we have:

D2n = 〈x, y | xn = y2 = 1, yxy = x−1〉 .

Moreover, D2n is supersolvable and consequently all its maximal subgroups
are of prime index. We are able to describe their structure. Let n =
pm1
1 pm2

2 ...pmss be the decomposition of n as a product of prime factors. Then
D2n possesses a unique cyclic maximal subgroup, namely

M0 = 〈x〉 ∼= Zn ,

and pj maximal subgroups of type D2 n
pj

, namely

Mij = 〈xpj , xiy〉, i = 0, 1, ..., pj − 1,

for all j = 1, s. Set

M0 = {M0} and Mj = {Mij | i = 0, 1, ..., pj − 1}, j = 1, 2, ..., s.

We need to determine the type of an arbitrary intersection of elements in⋃s
j=0Mj. If one of them is M0, then we can eliminate it and repeat the fol-

lowing reasoning for the other maximal subgroups. Let 1 ≤ ` ≤ k, 1 ≤ i1 <
i2 < ... < i` ≤ k and consider the distinct maximal subgroups Mi1 ,Mi2 , ..,Mi`

of D2n. Suppose that they belong to exactly q setsMj1 ,Mj2 , ...,Mjq . Obvi-
ously, for q < ` there are at least two such subgroups Miu and Miv contained
in the same set Mjw . Then

Miu ∩Miv = 〈xpjw 〉 ∼= Z n
pjw

is cyclic and so is Mi1 ∩Mi2 ∩ ... ∩Mi` . More precisely, we have

Mi1 ∩Mi2 ∩ ... ∩Mi` = 〈xpj1pj2 ...pjq 〉 ∼= Z n
pj1

pj2
...pjq

·

If q = `, then we can assume that Miu ∈ Mju , for all u = 1, `. In this case,
by induction on `, one obtains

Mi1 ∩Mi2 ∩ ... ∩Mi`
∼= D2 n

pj1
pj2

...pj`

.

By using the above remarks, we are now able to estimate the right side
of the equality (12). The first terms of this can be easily determined:
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k∑
i=1

f(Mi) = f(Zn) +
s∑
j=1

pjf
(
D2 n

pj

)
,

∑
1≤i1<i2≤k

f(Mi1 ∩Mi2) =
s∑
j=1

(
pj + 1

2

)
f
(
Z n
pj

)
+

∑
1≤i1<i2≤s

pi1pi2f
(
D2 n

pi1
pi2

)
,

∑
1≤i1<i2<i3≤k

f(Mi1 ∩Mi2 ∩Mi3) =
s∑
j=1

(
pj + 1

3

)
f
(
Z n
pj

)
+

+
1

2

∑
1≤i1<i2≤s

pi1pi2(pi1 + pi2)f
(
Z n
pi1

pi2

)
+
∑

1≤i1<i2<i3≤s

pi1pi2pi3f
(
D2 n

pi1
pi2

pi3

)
.

Let 1 ≤ ` ≤ k. In order to calculate the general term∑
1≤i1<i2<...<i`≤k

f(Mi1 ∩Mi2 ∩ ... ∩Mi`),

we write first

(
k

`

)
=

k!

l!(k − l)!
as a polynomial in p1, p2, ..., ps, say

(
k

`

)
=

(1 +
s∑
j=1

pj

`

)
=

∑
α1,α2,...,αs

a(α1, α2, ..., αs)p
α1
1 p

α2
2 ...p

αs
s ,

where all coefficients a(α1, α2, ..., αs) are positive integers. We distinguish
the following two cases: if ` ≤ s, then

∑
1≤i1<i2<...<i`≤k

f(Mi1 ∩Mi2 ∩ ... ∩Mi`) =
s∑
i=1

∑
αi

a(0, ..., αi, ..., 0)pαii f
(
Z n
pi

)
+

+
∑

1≤i1<i2≤s

∑
αi1 ,αi2

a(0, ..., αi1 , ..., αi2 , ..., 0)p
αi1
i1
p
αi2
i2
f
(
Z n
pi1

pi2

)
+ ... +

+
∑

1≤i1<i2<...<i`−1≤s

∑
αi1 ,αi2 ,...,αi`−1

a(0,...,αi1 ,...,αi2 ,...,αi`−1
,...,0)p

αi1
i1
p
αi2
i2
...p

αi`−1

i`−1
f

(
Z n
pi1

pi2
...pi`−1

)
+

∑
1≤i1<i2<...<i`≤s

∑
αi1 ,αi2 ,...,αi`

a(0, ...,αi1 , ...,αi2 , ...,αi` , ...,0)p
αi1
i1
p
αi2
i2
...p

αi`
i`
f
(
D2 n

pi1
pi2

...pi`

)
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and if ` > s, then

∑
1≤i1<i2<...<i`≤k

f(Mi1 ∩Mi2 ∩ ... ∩Mi`) =
s∑
i=1

∑
αi

a(0, ..., αi, ..., 0)pαii f
(
Z n
pi

)
+

+
∑

1≤i1<i2≤s

∑
αi1 ,αi2

a(0, ..., αi1 , ..., αi2 , ..., 0)p
αi1
i1
p
αi2
i2
f
(
Z n
pi1

pi2

)
+ ... +

+
∑

1≤i1<i2<...<is−1≤s

∑
αi1 ,αi2 ,...,αis−1

a(0,...,αi1 ,...,αi2 ,...,αis−1 ,...,0)p
αi1
i1
p
αi2
i2
...p

αis−1

is−1
f

(
Z n
pi1

pi2
...pis−1

)

+

((
k

`

)
−

s∑
i=1

∑
αi

a(0, ..., αi, ..., 0)pαii − ... −

−
∑

1≤i1<i2<...<is−1≤s

∑
αi1 ,αi2 ,...,αis−1

a(0,...,αi1 ,...,αi2 ,...,αis−1 ,...,0)p
αi1
i1
p
αi2
i2
...p

αis−1

is−1

 f
(
Z n
pi1

pi2
...pis

)
.

Clearly, by replacing the above expressions in the right side of (12) a new
equality will be obtained. Because this is too complicated to be written in
the general case, we shall focus only on two particular situations: s = 1 and
s = 2 (note that the general situation can be treated in a similar manner).

For s = 1 we have

k∑
i=1

f(Mi) = f(Zn) + p1f
(
D2 n

p1

)

and

f(Mi1 ∩Mi2 ∩ ... ∩Mi`) = f
(
Z n
p1

)
,

for any ` ≥ 2 and 1 ≤ i1 < i2 < ... < i` ≤ k. Then (12) becomes:

(13) f(D2n) = 2p1f
(
D2 n

p1

)
+ 2

(
f(Zn)− p1f

(
Z n
p1

))
.
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For s = 2 we have

k∑
i=1

f(Mi) = f(Zn) + p1f
(
D2 n

p1

)
+ p2f

(
D2 n

p2

)
,

∑
1≤i1<i2≤k

f (Mi1 ∩Mi2) =

(
p1 + 1

2

)
f
(
Z n
p1

)
+

(
p2 + 1

2

)
f
(
Z n
p2

)
+

+ p1p2f
(
D2 n

p1p2

)
and ∑

1≤i1<i2<...<i`≤k

f(Mi1 ∩Mi2 ∩ ... ∩Mi`)
`≥3

===

(
p1 + 1

`

)
f
(
Z n
p1

)
+

+

(
p2 + 1

`

)
f
(
Z n
p2

)
+

((
p1 + p2 + 1

`

)
−
(
p1 + 1

`

)
−
(
p2 + 1

`

))
f
(
Z n
p1p2

)
,

where by convention

(
α

β

)
= 0 for all α < β. We infer that f(D2n) satisfies:

(14)
f(D2n) = 2

(
p1f

(
D2 n

p1

)
+ p2f

(
D2 n

p2

)
− p1p2f

(
D2 n

p1p2

))
+

+ 2
(
f(Zn)− p1f

(
Z n
p1

)
− p2f

(
Z n
p2

)
+ p1p2f

(
Z n
p1p2

))
.

Since f(G) is known for every finite cyclic group G, it is obvious that
the equalities (13) and (14) can be seen as recurrence relations. Their so-
lutions, and therefore explicit formulas of f(D2n) for s ∈ {1, 2}, will be
determined in the following. We will write fn = fm1,m2,...,ms instead of
f(Zn) and f(m1,m2, ...,ms) instead of f(D2n), for every positive integer
n = pm1

1 pm2
2 ...pmss .

For n = pm1
1 we have

2
(
f(Zn)− p1f

(
Z n
p1

))
= 2

(
fn − p1f n

p1

)
= 2m1(2− p1),

and thus (13) becomes

(13′) f(m1) = 2p1f(m1 − 1) + 2m1(2− p1).
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Writing (13′) for m1 = 1, 2, ..., multiplying each of them with (2p1)
m1−1,

(2p1)
m1−2, ..., respectively, and summing up these equalities, we easily find

an explicit formula for f(m1).

Theorem 7. The number of all distinct fuzzy subgroups of the dihedral group
D2p

m1
1

is given by the following equality:

f
(
D2p

m1
1

)
=

2m1

p1 − 1

(
pm1+1
1 + p1 − 2

)
.

In particular, one obtains:

f (D2m) = 22m−1.

Our calculation is more difficult for s = 2, that is when n is of type
pm1
1 pm2

2 . In this case we have

fn = fm1,m2 = 2m1+m2

m2∑
i=0

(
−1

2

)i(
m2

i

)(
m1 +m2 − i

m2

)
=

= 2m1+m2

m2∑
i=0

1

2i

(
m1

i

)(
m2

i

)

by Corollary 2. The recurrence relation (14) can be rewritten as

(14′)
f(m1,m2) = 2(p1f(m1 − 1,m2) + p2f(m1,m2 − 1)−

−p1p2f(m1 − 1,m2 − 1)) + f ′m1,m2
,

where by f ′m1,m2
we have denoted the quantity

2(fm1,m2 − p1fm1−1,m2 − p2fm1,m2−1 + p1p2fm1−1,m2−1).

Unfortunately, we were not able to solve (14′) without use of a computer
program. By a direct calculation we can obtain an explicit formula only for
f(m1, 1). We have

f(m1, 1) = 2p1f(m1 − 1, 1) + f ′′m1,1
,
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where

f ′′m1,1
= 2p2f(m1, 0)− 2p1p2f(m1 − 1, 0) + f ′m1,1

=

= 2p2f(m1)− 2p1p2f(m1 − 1) + 2(fm1,1 − p1fm1−1,1−
−p2fm1,0 + p1p2fm1−1,0) =

= 2m1+1 p2
p1 − 1

(
pm1+1
1 + p1 − 2

)
− 2m1

p1p2
p1 − 1

(pm1
1 + p1 − 2) +

+2 [2m1(m1 + 2)− 2m1−1(m1 + 1)p1 − 2m1p2 + 2m1−1p1p2] =

=
2m1

p1 − 1

[
pm1+1
1 p2−(m1+1)p21+p1p2+(3m1+5)p1−2p2−(2m1+4)

]
.

Now, it is clear that f(m1, 1) can completely be determined by using the
same method as for (13′).

Theorem 8. The number of all distinct fuzzy subgroups of the dihedral group
D2p

m1
1 p2

is given by the following equality:

f
(
D2p

m1
1 p2

)
=

2m1

(p1 − 1)3
[
(m1 + 2)pm1+3

1 p2 + 2pm1+3
1 − (2m1 + 5)pm1+2

1 p2−

− 3pm1+2
1 + (m1 + 3)pm1+1

1 p2 + pm1+1
1 + (m1 + 2)p31 − p21p2−

− (4m1 + 9)p21 + 3p1p2 + (5m1 + 11)p1 − 2p2 − (2m1 + 4)] .

In particular, one obtains:

f (D2p1p2) = 2(3p1p2 + 2p1 + 2p2 + 6).

Since the symmetric group S3 and the dihedral group D6 are isomorphic,
we infer that

f(S3) = 10 .

The computation of all distinct fuzzy subgroups has been also made for the
symmetric group S4 in [119], namely

f(S4) = 232 .

Notice that the above method has been applied to other finite non-abelian
groups, as hamiltonian groups in [96] and p-groups having a cyclic maximal
subgroup in [121].
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Classifying fuzzy normal subgroups of finite groups

In this section we will present some results of [128] about the classifica-
tion of fuzzy normal subgroups of finite groups. More precisely, the number
f ′(G) of all distinct fuzzy normal subgroups will be determined for symmetric
groups and dihedral groups.

We start by describing the normal subgroup structure of these groups.
The symmetric group Sn consists of all permutations of the set {1, 2, ..., n}.

A well-known group theory result states that it possesses only one proper nor-
mal subgroup (namely the alternating group An) if n 6= 4, while S4 possesses
two proper normal subgroups (namelyK = {e, (12)(34), (13)(24), (14)(23)} ∼=
Z2 × Z2 and A4). In other words, we have:

N(Sn) =


{{e}, An, Sn}, n 6= 4

{{e}, K,A4, S4}, n = 4.

Remark that in both cases N(Sn) is a chain of length 2 or 3, which shows
that the following lattice isomorphisms hold

(15) N(Sn) ∼= L(Zp2) for n 6= 4, and N(S4) ∼= L(Zp3),

where p is an arbitrary prime.

Remark. The structure of finite groups whose lattices of subgroups are
chains is well-known: these groups are cyclic of prime power orders. The
same problem for lattices of normal subgroups is very difficult and unsolved
yet. Note that there are known several classes of finite groups G with N(G)
fully ordered: cyclic groups of prime power orders, dihedral groups of type
D2pk with p an odd prime, simple groups or symmetric groups.

Next, we will focus on the dihedral group

D2n = 〈x, y | xn = y2 = 1, yxy = x−1〉.

The structure of the subgroup lattice ofD2n is the following: if n=pm1
1 pm2

2 ...pmss
is the decomposition of n as a product of prime factors, then, for all divisors
r of n, D2n possesses a unique cyclic subgroup of order r (namely 〈xnr 〉 ∼= Zr)
and n

r
subgroups isomorphic to D2n

r
(namely 〈xnr , xiy〉, i = 0, 1, ..., n

r
−1). Re-

mark that D2n has always a maximal cyclic normal subgroup M = 〈x〉 ∼= Zn
of index 2, which plays an important role in describing the normal subgroup
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lattice N(D2n). Clearly, all subgroups of M are also normal in D2n. On the
other hand, if n is even, then D2n has another two maximal normal subgroups
of order 2, namely M1 = 〈x2, y〉 and M2 = 〈x2, xy〉, both isomorphic to D2n

2
.

In this way, one easily obtains:

(16) N(D2n) =


L(M) ∪ {D2n}, n ≡ 1 (mod 2)

L(M) ∪ {D2n,M1,M2}, n ≡ 0 (mod 2).

We are now able to compute f ′(Sn) and f ′(D2n). Recall that the value
fn = f(Zn) is given by Theorem 1.

The lattice isomorphisms (15) lead to

f ′(Sn) =


fp2 , n 6= 4

fp3 , n = 4,

where p is an arbitrary prime. Since fp2 = 4 and fp3 = 8, we have proved
the following result.

Theorem 9. The number of all distinct fuzzy normal subgroups of the sym-
metric group Sn, n ≥ 3, is given by the equality:

f ′(Sn) =


4, n 6= 4

8, n = 4.

The number f ′(D2n) can be easily computed if n is odd. In this case,
every chain of normal subgroups of D2n ended in D2n is obtained by adding
the term D2n to an arbitrary chain of subgroups

{e} = H0 ⊂ H1 ⊂ ... ⊂ Hq

of M (we also include here the ”void chain” of M , that is the chain whose set
of terms is empty). Since for a fixed Hq ∈ L(M) with |Hq| = d the number
of such chains is fd, it follows that

f ′(D2n) = 1 +
∑
d|n

fd.

In view of (16), if n even, then a chain of normal subgroups of D2n ended in
D2n can be obtained in one of the following two ways: by adding the term
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D2n to an arbitrary chain of subgroups of M or, for any i ∈ {1, 2}, by adding
the terms Mi and D2n to an arbitrary chain of subgroups of 〈x2〉 (again, in
both cases, we also include the void chain of M or 〈x2〉). So, we infer that

f ′(D2n) = 3 +
∑
d|n

fd + 2
∑
d|n

2

fd .

Finally, we put together the above two explicit formulas of f ′(D2n) ob-
tained for n odd and n even, respectively.

Theorem 10. The number of all distinct fuzzy normal subgroups of the
dihedral group D2n, n ≥ 3, is given by the equality:

f ′(D2n) =


1 +

∑
d|n

fd, n ≡ 1 (mod 2)

3 +
∑
d|n

fd + 2
∑
d|n

2

fd, n ≡ 0 (mod 2).

Remarks.

1. Set n = 2km, where k ∈ N∗ is arbitrary and m ∈ N∗ is odd. Then, for
any divisor d of n, we have either d | n

2
or d is of the form 2km1, where

m1 is a divisor of m. This shows that∑
d|n

fd =
∑
d|n

2

fd +
∑
m1|m

f2km1
,

and therefore the equality obtained in Theorem 10for n ≡ 0 (mod 2)
can be rewritten in the following manner

f ′(D2n) = 3 + 3
∑
d|n

2

fd +
∑
m1|m

f2km1
.

One account that f2q = 2q for all positive integers q, when m = 1 (that
is, when n = 2k), we get

f ′(D2k+1) = 3 + 3
k−1∑
i=0

f2i + f2k = 3 + 3(2k − 1) + 2k = 2k+2.

In particular, the number of all distinct fuzzy normal subgroups of the
dihedral group D8 is:

f ′(D8) = 16.
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2. A well-known arithmetic technique is to associate to a function f :
N∗ −→ N∗ its sum-function F : N∗ −→ N∗ defined by

F (n) =
∑
d|n

f(d), for all n ∈ N,

and to compute the values of f by using the Möbius’s inversion formula

f(n) =
∑
d|n

F (d)µ(
n

d
), for all n ∈ N,

where µ denotes the Möbius’s function. Theorem 10 shows that the
number f ′(D2n) depends in fact only on the sum-function F associated
to the function n 7→ fn:

f ′(D2n) =


1 + F (n), n ≡ 1 (mod 2)

3 + F (n) + 2F (
n

2
), n ≡ 0 (mod 2).

In this case, a precise expression of F (n) for n arbitrary is difficult to be
obtained. Nevertheless, we remark that the above equality allows us to
connect the numbers of all distinct fuzzy normal subgroups of dihedral
groups D2n, n ∈ N, with the number of all distinct fuzzy subgroups of
finite cyclic groups. Thus, if the numbers f ′(D2n), n ∈ N, are known,
then we can find the values F (n), n ∈ N, and then we can compute the
numbers fn, n ∈ N, according to the Möbius’s inversion formula.

A new equivalence relation to classify the fuzzy subgroups
of finite groups

Other equivalence relations can be used to classify the fuzzy subgroups
of a finite group G. One of them has been studied in [132].

First of all, we recall that an action of G on a non-empty set X is a map
ρ : X ×G −→ X satisfying the following two conditions:

(i) ρ(x, g1g2) = ρ(ρ(x, g1), g2), for all g1, g2 ∈ G and x ∈ X;

(ii) ρ(x, e) = x, for all x ∈ X.
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Every action ρ of G on X induces an equivalence relation Rρ on X, defined
by

xRρy if and only if there exists g ∈ G such that y = ρ(x, g).

The equivalence classes of X modulo Rρ are called the orbits of X relative
to the action ρ. For any g ∈ G, we denote by FixX(g) the set of all elements
of X which are fixed by g, that is

FixX(g) = {x ∈ X | ρ(x, g) = x}.

If both G and X are finite, then the number of distinct orbits of X relative
to ρ is given by the equality:

N =
1

|G|
∑
g∈G

|FixX(g)|.

This result is known as the Burnside’s lemma and plays an important role in
solving many problems of combinatorics, finite group theory or graph theory.
We will use it to compute the number of distinct fuzzy subgroups of a finite
group G with respect to a certain equivalence relation on FL(G), induced
by an action of the automorphism group Aut(G) associated to G on FL(G).

We define the following action of Aut(G) on FL(G)

ρ : FL(G)× Aut(G) −→ FL(G),

ρ(µ, f) = µ ◦ f, for all (µ, f) ∈ FL(G)× Aut(G),

and let us denote by ≈ρ the equivalence relation on FL(G) induced by ρ,
namely

µ ≈ρ η if and only if there exists f ∈ Aut(G) such that η = µ ◦ f.

We know that every fuzzy subgroup of G determines a chain of subgroups
of G which ends in G (that is, a chain of type (∗)). In this way, the above
action ρ can be described in terms of chains of subgroups of G. Let µ, η ∈
FL(G) and put µ(G) = {α1, α2, ..., αm} (where α1 > α2 > ... > αm), η(G) =
{β1, β2, ..., βn} (where β1 > β2 > ... > βn). If

Cµ : µGα1 ⊂ µGα2 ⊂ ... ⊂ µGαm = G

and
Cη : ηGβ1 ⊂ ηGβ2 ⊂ ... ⊂ ηGβn = G
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are the corresponding chains of type (∗), then we can easily see that µ ≈ρ η
if and only if Im(µ) = Im(η) (i.e. m = n and αi = βi, i = 1, n) and there is
f ∈ Aut(G) such that f(ηGβi) = µGαi , for all i = 1, n. In other words, two
fuzzy subgroups µ and η of G are equivalent with respect to ≈ρ if and only if
they have the same image and there is an automorphism f of G which maps
Cη into Cµ.

Since we are interested to work only with chains of subgroups, in the
following we will consider the equivalence relation ≈ on FL(G) defined by

µ ≈ η iff ∃f ∈ Aut(G) such that f(Cη) = Cµ.

Obviously, this is a little more general as ≈ρ: we can easily prove that if
µ ≈ η, then their images are not necessarily equal, but certainly there is
a bijection between Im(µ) and Im(η). Moreover, we also remark that ≈
generalizes the equivalence relation ∼ studied in the previous sections (notice
that µ ∼ η ⇐⇒ Cµ = Cη, i.e. the above automorphism f is the identical map
of G).

Next, we will focus on computing the number N of distinct fuzzy sub-
groups of G with respect to ≈, that is the number of distinct equivalence
classes of FL(G) modulo ≈. Denote by C the set consisting of all chains of
subgroups of G terminated in G. Then the previous action ρ of Aut(G) on
FL(G) can be seen as an action of Aut(G) on C and ≈ρ as the equivalence
relation induced by this action. An equivalence relation on C which is similar
with ≈ can also be constructed in the following manner: for two chains

C1 : H1 ⊂ H2 ⊂ ... ⊂ Hm = G

and
C2 : K1 ⊂ K2 ⊂ ... ⊂ Kn = G

of C, we put

C1 ≈ C2 iff m = n and ∃f ∈ Aut(G) such that f(Hi) = Ki, i = 1, n.

In this case the orbit of a chain C ∈ C is

{f(C) | f ∈ Aut(G)},

while the set of all chains in C that are fixed by an automorphism f of G is

FixC (f) = {C ∈ C | f(C) = C}.
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Now, the number N is obtained by applying the Burnside’s lemma:

(∗ ∗ ∗) N =
1

|Aut(G)|
∑

f∈Aut(G)

|FixC (f)|.

Clearly, the above formula can successfully be used to calculate N for any
finite group G whose subgroup lattice L(G) and automorphism group Aut(G)
are known. We will exemplify the computation of N for several remarkable
classes of finite groups. The comparison with the similar results relative to
∼ will be also made.

• Cyclic groups

Let Zn = { 0, 1, ..., n− 1 } be the finite cyclic group of order n. The
subgroup structure of Zn is well-known: for every divisor d of n, there is
a unique subgroup of order d in Zn, namely 〈n

d
〉. Moreover, the following

lattice isomorphism holds

L(Zn) ∼= Ln,

where Ln denotes the lattice of all divisors of n, under the divisibility. It
is also well-known the structure of the automorphism group of Zn: if fd :
Zn −→ Zn is the map defined by fd (k) = dk, for all d, k ∈ Zn, then

Aut(Zn) = {fd | (d, n) = 1}.

In particular, we have |Aut(Zn)| = ϕ(n), where ϕ is the Euler’s totient
function.

In order to find the number N for Zn, the equality (∗ ∗ ∗) can be used.
Nevertheless, in this case we shall prefer to give a direct solution, founded on
describing precisely the equivalence relation ≈ and proving that it coincides
with ∼. So, let C1, C2 be two chains of subgroups of Zn ended in Zn (C1 :
H1 ⊂ H2 ⊂ ... ⊂ Hp = Zn, C2 : K1 ⊂ K2 ⊂ ... ⊂ Kq = Zn) which satisfy
C1 ≈ C2 and take f ∈ Aut(Zn) such that f(C1) = C2. Then p = q and
f(Hi) = Ki, for any i = 1, p. Since f is an automorphism, the subgroups Hi

and Ki are of the same order, therefore they must be equal. This shows that
C1 = C2, that is for a finite cyclic group the equivalence relations ≈ and ∼
are the same. On the other hand, one obtains that

N = f(Zn),
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and thus the explicit formula of f(Zn) given by Theorem 1 can be used to
compute N , too. Hence the following result holds.

Theorem 11. For any finite cyclic group, the equivalence relations ≈ and
∼ coincide. Moreover, if n = pm1

1 pm2
2 ...pmss is the decomposition of n ∈

N, n ≥ 2, as a product of prime factors, then the number N of all distinct
fuzzy subgroups with respect to ≈ of the finite cyclic group Zn is given by the
equality

N = 2

k∑
r=1

nr
n2∑
i2=0

n3∑
i3=0

...

nk∑
ik=0

(
−1

2

) k∑
α=2

iα k∏
α=2

(
nα
iα

)(
n1 +

α∑
β=2

(nβ − iβ)

nα

)
,

where the above iterated sums are equal to 1 for s = 1.

We end this subsection by remarking that the converse of the above im-
plication is also true. In this way, let us assume that for a finite group G we
have ≈ = ∼ and take an arbitrary subgroup H of G. Then, for any x ∈ G,
the chains H ⊂ G and Hx ⊂ G are equivalent modulo ≈, because there
exists the inner automorphism fx of G (fx(g) = xgx−1, for all g ∈ G) such
that fx(H) = Hx. This shows that H = Hx for all x ∈ G, that is H is a
normal subgroup of G. Thus G is either a hamiltonian group or an abelian
group.

In the first case G is of type

Q× Zk2 × A ,

where Q = 〈x, y | x4 = 1, x2 = y2, y−1xy = x−1〉 is the quaternion group of
order 8, Zk2 is the direct product of k copies of Z2 and A is a finite abelian
group of odd order. Clearly, the function f : G −→ G that maps x into y
and leaves invariant every element of Zk2×A is an automorphism of G. Then
the chains 〈x〉 ⊂ G and 〈y〉 ⊂ G are equivalent modulo ≈, but they are not
equal, a contradiction.

In the second case G is a direct product of type

G1 ×G2 × · · · ×Gs ,

where each Gi is an abelian pi-group, i = 1, s. If we assume that there
exists i ∈ {1, 2, ..., s} such that the group Gi is not cyclic, then Gi possesses
two distinct maximal subgroups M1

i ,M
2
i and an automorphism fi satisfying

fi(M
1
i ) = M2

i . It is easily to see that fi can be extended to an automorphism
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f of G mapping M1
i into M2

i . Again, by our hypothesis, the chains M1
i ⊂ G

and M2
i ⊂ G must be equal. This leads to M1

i = M2
i , a contradiction.

Therefore every Gi, i = 1, 2, ..., s, is cyclic and so is G itself. Hence we have
proved the following theorem.

Theorem 12. For a finite group G, the following conditions are equivalent:

(a) The equivalence relations ≈ and ∼ associated to G coincide.

(b) G is cyclic.

• Elementary abelian p-groups

It is well-known that a finite abelian group can be written as a direct
product of p-groups. Therefore the problem of counting the fuzzy subgroups
of finite abelian groups must be first solved for p-groups. A special class
of abelian p-groups is constituted by elementary abelian p-groups. Such a
group G has a direct decomposition of type

Znp = Zp × Zp × · · · × Zp︸ ︷︷ ︸
n factors

,

where p is a prime and n ∈ N∗, and its distinct fuzzy subgroups with respect
to ∼ have been counted in Theorem 6. It is also known that Znp possesses a
natural linear space structure over the field Zp and that the automorphisms
of the group Znp coincide with the automorphisms of this linear space. In this
way, the automorphism group Aut(Znp ) is isomorphic to the general linear
group GL(n, p) and, in particular, we have

|Aut(Znp )| =
n−1∏
i=0

(pn − pi).

Let f ∈ Aut(Znp ) and C ∈ FixC (f), where C : H1 ⊂ H2 ⊂ ... ⊂ Hm = Znp .

Then f(C) = C, that is f(Hi) = Hi, for all i = 1,m. This shows that all
subspaces Hi, i = 1, 2, ...,m, of Znp are invariant with respect to f . So, the
problem of counting the number of elements of FixC (f) is reduced to a linear
algebra problem: determining all chains of subspaces of the linear space Znp
which ends in Znp and are invariant with respect to f .

We will solve the above problem in the simplest case p = n = 2 (note that
the general case can be treated in a similar manner). The proper subspaces
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of Z2
2, that in fact correspond to the proper subgroups of the Klein’s group,

are H1 = 〈(1̂, 0̂)〉, H2 = 〈(0̂, 1̂)〉 and H3 = 〈(1̂, 1̂)〉. As we already have
seen, every group automorphism of Z2

2 is perfectly determined by a matrix
contained in

GL(2, 2) = {A1 =

(
1̂ 0̂

0̂ 1̂

)
, A2 =

(
1̂ 0̂

1̂ 1̂

)
, A3 =

(
0̂ 1̂

1̂ 0̂

)
,

A4 =

(
1̂ 1̂

0̂ 1̂

)
, A5 =

(
0̂ 1̂

1̂ 1̂

)
, A6 =

(
1̂ 1̂

1̂ 0̂

)
} ∼= S3.

For each i ∈ {1, 2, ..., 6}, let us denote by fi the automorphism induced by
the matrix Ai and by Lfi(Z2

2) the set consisting of all subspaces of Z2
2 which

are invariant relative to fi, i.e.

Lfi(Z2
2) = {H ≤ Z2Z2

2 | fi(H) = H}.

We easily obtain

Lf1(Z2
2) = {1, H1, H2, H3,Z2

2},

Lf2(Z2
2) = {1, H2,Z2

2},

Lf3(Z2
2) = {1, H3,Z2

2},

Lf4(Z2
2) = {1, H1,Z2

2},

Lf5(Z2
2) = Lf6(Z2

2) = {1,Z2
2},

where 1 denotes the trivial subspace of Z2
2. The above equalities show that

|FixC (f1)| = 8, |FixC (fi)| = 4 for i = 2, 3, 4, and |FixC (fi)| = 2 for i = 5, 6.
Clearly, by applying the formula (∗∗∗), we are now able to compute explicitly
the number N associated to the elementary abelian 2-group Z2

2.

Theorem 13. The number N of all distinct fuzzy subgroups with respect to
≈ of the elementary abelian 2-group Z2

2 is given by the equality

N =
1

6
(8 + 3 · 4 + 2 · 2) = 4.

Remark. By Theorem 6 we know that f(Z2
2) = 8, i.e. there are 8 distinct

chains of subgroups (subspaces) of Z2
2 ended in Z2

2, namely Z2
2, 1 ⊂ Z2

2,
Hi ⊂ Z2

2, i = 1, 2, 3, and 1 ⊂ Hi ⊂ Z2
2, i = 1, 2, 3. From these chains several

are equivalent modulo ≈. More precisely, the distinct equivalence classes
with respect to ≈ of the set C described above are:



contributions to the study of subgroup lattices 191

C1 = {Z2
2},

C2 = {1 ⊂ Z2
2},

C3 = {H1 ⊂ Z2
2, H2 ⊂ Z2

2, H3 ⊂ Z2
2},

C4 = {1 ⊂ H1 ⊂ Z2
2, 1 ⊂ H2 ⊂ Z2

2, 1 ⊂ H3 ⊂ Z2
2}.

• Dihedral groups

The finite dihedral group D2n (n ≥ 2) is the symmetry group of a regular
polygon with n sides and has the order 2n. The most convenient abstract
description of D2n is obtained by using its generators: a rotation a of order
n and a reflection b of order 2. Under these notations, we have

D2n = 〈a, b | an = b2 = 1, bab = a−1〉 =

= {1, a, a2, ..., an−1, b, ab, a2b, ..., an−1b}.

The automorphism group of D2n is well-known, namely

Aut(D2n) = {fα,β | α = 0, n− 1 with (α, n) = 1, β = 0, n− 1)},

where
fα,β : D2n −→ D2n

is defined by

fα,β (ai) = aαi and fα,β (aib) = aαi+βb, for all i = 0, n− 1.

We infer that
|Aut(D2n)| = nϕ(n).

The structure of the subgroup lattice L(D2n) of D2n is also well-known: for
every divisor r or n, D2n possesses a subgroup isomorphic to Zr, namely
Hr

0 = 〈anr 〉, and n
r

subgroups isomorphic to Dr, namely Hr
i = 〈anr , ai−1b〉,

i = 1, 2, ..., n
r
.

Next, for each fα,β ∈ Aut(D2n), let Fix(fα,β) be the set consisting of all
subgroups of D2n that are invariant relative to fα,β, that is

Fix(fα,β) = {H ≤ D2n | fα,β (H) = H}.
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By using some elementary results of group theory, these subsets of L(D2n)
can precisely be determined: a subgroup of type Hr

0 belongs to Fix(fα,β) if
and only if (α, r) = 1, while a subgroup of type Hr

i belongs to Fix(fα,β) if
and only if (α, r) = 1 and n

r
divides (α− 1)(i− 1) + β.

Under the above notation, computing |FixC (fα,β)| is reduced to compu-
ting the number of chains of L(D2n) which end in D2n and are contained
in the set Fix(fα,β). After then, an explicit expression of the number N
associated to the group D2n will follow from (∗ ∗ ∗).

In the following we will apply this algorithm for the dihedral group D8.
As we already have seen, the group Aut(D8) consists of 4ϕ(4) = 4 · 2 = 8
elements, namely

Aut(D8) = {f1,0, f1,1, f1,2, f1,3, f3,0, f3,1, f3,2, f3,3}.

The corresponding sets of subgroups of D8 that are invariant relative to the
above automorphisms can be described by a direct calculation:

Fix(f1,0) = L(D8),

Fix(f1,1) = Fix(f1,3) = Fix(f3,1) = Fix(f3,3) = {H1
0 , H

2
0 , H

4
0 , H

4
1},

Fix(f1,2) = {H1
0 , H

2
0 , H

4
0 , H

2
1 , H

2
2 , H

4
1},

Fix(f3,0) = {H1
0 , H

2
0 , H

4
0 , H

1
1 , H

1
3 , H

2
1 , H

2
2 , H

4
1},

Fix(f3,2) = {H1
0 , H

2
0 , H

4
0 , H

1
2 , H

1
4 , H

2
1 , H

2
2 , H

4
1}.

Then we easily get:

|FixC (f1,0)| = 32,

|FixC (f1,1)| = |FixC (f1,3)| = |FixC (f3,1)| = |FixC (f3,3)| = 8,

|FixC (f1,2)| = 16,

|FixC (f3,0)| = |FixC (f3,2)| = 24.

Thus the following result holds.

Theorem 14. The number N of all distinct fuzzy subgroups with respect to
≈ of the dihedral group D8 is given by the equality

N =
1

8
(32 + 4 · 8 + 16 + 2 · 24) = 16.
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Remark. By Theorem 7, the number of all distinct fuzzy subgroups relative
to ∼ of the dihedral group D2pm (where p is prime and m ∈ N∗) is

f(D2pm) =
2m

p− 1
(pm+1 + p− 2).

In particular, we find f(D2m) = 22m−1 and so f(D8) = 32, a number which
is different from the number N obtained above. We also remark that since
f(D8) count all chains of subgroups of D8 ended in D8, it is in fact equal
to the number of these chains which are invariant relative to f1,0 = 1D8 (the
identical automorphism of D8), that is to |FixC (f1,0)|.

• Symmetric groups

In order to apply the formula (∗ ∗ ∗) for the symmetric group Sn, n ≥ 3,
we need to known the automorphism group Aut(Sn). An important normal
subgroup of this group is the inner automorphism group Inn(Sn), which
consists of all automorphisms of Sn of type fσ, σ ∈ Sn, where fσ(τ) =
στσ−1, for all τ ∈ Sn. On the other hand, we know that if n ≥ 3, then
Inn(Sn) is isomorphic to Sn, because the center Z(Sn) of Sn is trivial and
Sn/Z(Sn) ∼= Inn(Sn). According to [88], I, for any n 6= 6 we have

Aut(Sn) = Inn(Sn) ∼= Sn,

while for n = 6 we have

Aut(S6) ∼= Aut(A6) and |Aut(S6) : Inn(S6)| = 2.

In particular, one obtains

|Aut(Sn)| =


n! , n 6= 6

2 · 6! , n = 6.

In the following we will focus only on the case n 6= 6. Then every auto-
morphism of Sn is of the form fσ with σ ∈ Sn. Let C ∈ FixC (fσ), where

C : H1 ⊂ H2 ⊂ ... ⊂ Hm = Sn.
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Then fσ(C) = C, that is fσ(Hi) = Hi, for all i = 1,m. This shows that
Hσ
i = Hi, i.e. σ is contained in the normalizer NSn(Hi) of Hi in Sn, i = 1,m.

Therefore we have

C ∈ FixC (fσ)⇐⇒ σ ∈ NSn(Hi), for all i = 1,m⇐⇒ σ ∈
m⋂
i=1

NSn(Hi),

which allows us to compute explicitly |FixC (fσ)|. We will exemplify this
method for the symmetric group S3. It is well-known that S3 has 6 elements,
more precisely

S3 = {e, τ1 = (23), τ2 = (13), τ3 = (12), σ = (123), σ2 = (132)},

and its subgroup lattice consists of the trivial subgroup H0 = {e}, three
subgroups of order 2, namely Hi = 〈τi〉 = {e, τi}, i = 1, 2, 3, a subgroup of
order 3, namely H4 = 〈σ〉 = {e, σ, σ2}, and a subgroup of order 6, namely
H5 = S3. Then the chains of subgroups of S3 ended in S3 are H5, Hi ⊂ H5,
i = 0, 4, and H0 ⊂ Hi ⊂ H5, i = 1, 4. We can easily find the normalizers of
all above subgroups:

NS3(H0) = NS3(H0) = NS3(H0) = S3 (i.e. H0, H4, H5 E S3),

NS3(Hi) = Hi, i = 1, 2, 3.

One obtains:

|FixC (fe)| = 10,

|FixC (fτi)| = 6, i = 1, 2, 3,

|FixC (fσ)| = |FixC (fσ2)| = 4.

In this way, an explicit expression of the number N associated to the sym-
metric group S3 (and also to the dihedral group D6, according to the group
isomorphism S3

∼= D6) follows by (∗ ∗ ∗).
Theorem 15. The number N of all distinct fuzzy subgroups with respect to
≈ of the symmetric group S3 is given by the equality

N =
1

6
(10 + 3 · 6 + 2 · 4) = 6.
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Remark. We remark that N is different from f(S3) = 10, as we expected.
This is due to the fact that, from the chains of C described above, Hi ⊂ H5,
i = 1, 2, 3, are equivalent modulo ≈, and the same thing can be said about
H0 ⊂ Hi ⊂ H5, i = 1, 2, 3. We also observe that the above method can
successfully be applied to compute the numberN associated to the symmetric
group S4, whose fuzzy subgroup structure has been completely described in
[119].
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Chapter 3

Further research

The study of subgroup lattices constitute a significant topic of group theory.
The previous results contribute to the development of this research domain
and our next goal is to extend them in other works. Mention that almost all
papers by the author end with lists of open problems. These will constitute
the starting point of some further research.

We recall several such open problems whose subjects follow the structure
of Chapter 2.

3.1 Basic properties and structure of subgroup

lattices

Problem 1. Describe the finite groups G for which the lattices L(G) or
N(G) are dismantlable.

Problem 2. Determine the breaking points of other posets of subgroups
associated to a finite group G.

Problem 3. Which are the finite groups G such that Sol(G) and QSol(G)
satisfy a certain lattice theoretical property: modularity, distributivity, com-
plementation, pseudocomplementation, ... and so on?

Problem 4. Find the finite groups G satisfying QSol(G) = N(G), QSol(G)
= Char(G) and QSol(G) = Sol(G), respectively.

Problem 5. Study the containment of some other important subgroups of
a group G (as Φ(G), Z(G), F (G), ... and so on) to the lattices Sol(G) and
QSol(G).
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Problem 6. What can be said about two groups G1 and G2 for which we
have Sol(G1) ∼= Sol(G2) or QSol(G1) ∼= QSol(G2) ?

Problem 7. Describe the (almost) L-free groups, where L is a lattice dif-
ferent from M5 and N5.

Problem 8. Determine explicitly the number of sublattices isomorphic to
a given lattice that are contained in the (normal) subgroup lattice of some
important classes of finite groups.

Problem 9. Extend the concepts of L-free group and almost L-free group to
other remarkable posets of subgroups of a group (e.g. what can be said about
a group whose normal subgroup lattice/poset of cyclic subgroups contains a
certain number of sublattices isomorphic to a given lattice ?).

Problem 10. Give an explicit formula for the number of normal subgroups
of a ZM -group. Extend this problem for an arbitrary finite metacyclic group,
whose structure is well-known (see, for example, [40]).

3.2 Computational and probabilistic aspects

of subgroup lattices

Problem 1. Give explicit formulas for the number of subgroups of a fixed
order and for the total number of subgroups of a finite abelian p-group of an
arbitrary rank.

Problem 2. Let G1 be a finite abelian group and G2 be a finite group such
that |G1| = |G2| = n. For every divisor d of n denote by ni(d) the number
of elements of order d in Gi, i = 1, 2. Is it true that the conditions

(a) πe(G1) = πe(G2),

(b) n1(d) = n2(d), for all d dividing n,

imply the group isomorphism G1
∼= G2 ?

Problem 3. Determine the number of coverings with r proper subgroups of
a finite hamiltonian group, where r ≥ 3 is arbitrary.

Problem 4. Determine the total number of series of subgroups of an arbi-
trary length in a finite hamiltonian group.

Problem 5. A classical result due to Miller, Baer and Birkhoff (see Corollary
1.7 of [50]) gives an explicit formula for |Char(G)|, when G is a finite abelian
p-group with p 6= 2. Find a similar formula for finite abelian 2-groups.
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Problem 6. Determine the lattice of characteristic subgroups of G = H×K,
where H and K are two finite groups with no common direct factor. As we
observed, in general the lattice isomorphism Char(G) ∼= Char(H)×Char(K)
fails. When is it true (of course, excepting the elementary case when H and
K are of coprime orders) ?

Problem 7. In Section 3 of [50] finite abelian p-groups with isomorphic
lattices of characteristic subgroups have been investigated. What can be said
about two arbitrary finite groups whose lattices of characteristic subgroups
are isomorphic ?

Problem 8. Which are the finite groups G such that Char(G) is a distri-
butive lattice ? More particularly, which are the finite groups G such that
Char(G) is a chain (of a prescribed length) ?

Problem 9. Investigate the connections between the subgroup commuta-
tivity degree of a finite group and the subgroup commutativity degrees of its
subgroups (quotients) ?

Problem 10. For a fixed α ∈ (0, 1), describe the structure of finite groups
G satisfying sd(G) = (≤, ≥) α. What can be said about two finite groups
having the same subgroup commutativity degree ?

Problem 11. As we have seen in Section 2.2.3,

lim
m→∞

sd(D2m) = lim
m→∞

sd(Q2m) = lim
m→∞

sd(S2m) = 0.

Is this true for other ”natural” classes of finite groups ?

Problem 12. Let G be a finite group and H ∈ L(G). Which are the
connections between sd(G) and the classical commutativity degree d(G),
respectively between sd(H,G) and the classical relative commutativity degree
d(H,G) ?

Problem 13. Give an explicit formula for the subgroup commutativity
degree of a ZM -group.

Problem 14. Compute sd(An, Sn) for an arbitrary n ≥ 5 and the limit
lim
n→∞

sd(An, Sn).

Problem 15. Given a finite group G, we are able to calculate sd(G) when-
ever the structure of maximal subgroups of G and their relative subgroup
commutativity degrees are known. Is this true for other remarkable systems
of subgroups of G (as the sets of minimal subgroups, cyclic subgroups or
proper terms of a composition series, respectively) ?
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Problem 16. Given a finite group G, the following function is well-defined

sdG : L(G) −→ [0, 1], sdG(H) = sd(H,G), for all H ∈ L(G).

We know that sdG is constant on each conjugacy class of subgroups of G.
Remark that the converse fails: take the subgroups H1 = 〈y〉 and H2 = 〈xy〉
of D2n; we have sdG(H1) = sdG(H2) = 9/10, but H1 � H2. Study other
properties of sdG (e.g. injectivity, monotony, ..., and so on), as well as of the
restriction of sdG to the set of conjugacy classes of subgroups. Describe the
finite groups G for which these functions satisfy certain conditions.

Problem 17. Another interesting function can be also associated to a finite
group G, namely

sd(−,−) : L(G)× L(G) −→ [0, 1].

Study this function and its restrictions to some remarkable subsets of type
L×L of L(G)×L(G) (e.g. take L = C(G), the poset of cyclic subgroups of
G). For an arbitrary n ≥ 2, generalize the above function by defining

sd(−,−, ...,−︸ ︷︷ ︸
n variables

) : L(G)n −→ [0, 1], sd(H1, ..., Hn) =

=
1

n∏
i=1

|L(Hi)|
|{(K1, ..., Kn)∈

n∏
i=1

L(Hi) | K1 · · ·Kn =Kσ(1) · · ·Kσ(n),∀ σ ∈ Sn}|.

Problem 18. Compute explicitly F2(G) for an arbitrary finite abelian p-
group G. Given a positive integer n, two partitions τ , τ ′ of n and denoting
by G, G′ the abelian p-groups of order pn induced by τ and τ ′, respectively,
is it true that F2(G) ≥ F2(G

′) if and only if τ � τ ′ (where � denotes the
lexicographic order) ?

Problem 19. Given a finite group G, study the above problems 9-15 for
ndeg(G) and cdeg(G) instead of sd(G).

Problem 20. Let G be a finite group and consider a certain property P
concerning the subgroups of G (e.g. to be abelian, nilpotent, solvable, cha-
racteristic, ..., and so on). Generalize the normality degree and the cyclicity
degree notions, by introducing and studying the P-degree of G, i.e. the
quantity defined by

|{H ∈ L(G) | H satisfies P}|
|L(G)|

.



contributions to the study of subgroup lattices 201

3.3 Other posets associated to finite groups

Problem 1. Let G be a finite group. For every subgroup H of G, we define
the function

ψH(G) =
∑
a∈G

oH(a),

where oH(a) denotes the order of a ∈ G relative to H. Study the connec-
tions between ψ(G) and the collection (ψH(G))H≤G, as well as the mini-
mum/maximum of {ψH(G) | H ≤ G, |H| = n}, where n ∈ N∗ is fixed.
Investigate the similar problems for the function

ψ ′H(G) =
∏
a∈G

oH(a).

Problem 2. Prove or disprove Conjectures 6 and 13 in Section 2.3.1.

Problem 3. Determine the finite groups G for which the poset Iso(G) is a
lattice and study the properties of this lattice.

Problem 4. What can be said about two arbitrary finite groups G1 and G2

satisfying Iso(G1) ∼= Iso(G2) ?

Problem 5. Given two finite groups G1 and G2, study the isomorphisms
between the posets/lattices Iso(G1) and Iso(G2) induced by the isomorphisms
or by the L-isomorphisms between G1 and G2.

Problem 6. The most natural generalization of the poset Iso(G) associated
to a finite group G is obtained by considering L-isomorphisms instead of
group isomorphisms in its definition:

Iso′(G) = {[H]′ | H ∈ L(G)}, where [H]′ = {K ∈ L(G) | L(K) ∼= L(H)}.

Investigate the above new poset Iso′(G) with respect to the same ordering
relation as for Iso(G).

Problem 7. Given a finite group G, study the posets of classes of subgroups
with respect to other equivalence relations on L(G) (or on other important
subposets of L(G)). For example:

1. H ∼1 K if and only if |H| = |K|;

2. H ∼2 K if and only if there is f ∈ Aut(G) such that f(H) = K;

3. H ∼3 K if and only if πe(H) = πe(K).
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Problem 8. The concept of solitary quotient of a finite group has been
defined as the dual of the concept of solitary subgroup. Following the same
technique, we can construct a ”dual” for the set Iso(G), namely

QIso(G) = {[H] | H ∈ N(G)}, where [H] = {K ∈ N(G) | G/K ∼= G/H}.
Endow this set with a suitable ordering relation and study some similar
problems.

3.4 Generalizations of subgroup lattices

Problem 1. Study other important properties of the lattices FL(G) and
FN(G) associated to a finite group G, as modularity, complementation, de-
composability,... and so on.

Problem 2. Let L be a lattice. Investigate the problem of existence and
of uniqueness of a finite group G such that the lattice FL(G) or FN(G) is
isomorphic to L.

Problem 3. Let L be a lattice. A group G is said to be FL-free if FL(G)
does not contain sublattices isomorphic to L. For some particular lattices L
(as the pentagon lattice or the diamond lattice), study the class of FL-free
groups.

Problem 4. Let G be a finite group of order n and Ln be the lattice of
all divisors of n. Study the basic properties of the map O : FL(G) −→ Ln,
µ 7→ O(µ), ∀ µ ∈ FL(G).

Problem 5. Compute the number of distinct fuzzy (normal) subgroups for
other classes of finite groups.

Problem 6. In Section 2.4.2 the fuzzy (normal) subgroups of a finite group
G are classified up to the equivalence relation ∼ on F(G). Classify the fuzzy
(normal) subgroups of G with respect to other equivalence relations on F(G).

Problem 7. Given a finite group G, we consider the quantity

fndeg(G) =
f ′(G)

f(G)
,

which will be called the fuzzy normality degree of G. It measures the probabi-
lity of a random fuzzy subgroup of G to be fuzzy normal and can constitute
an interesting probabilistic aspect of finite groups. Investigate the same
problems on the fuzzy normality degree as the similar ones studied for the
classical normality degree.
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Problem 8. The fuzzy normal subgroups of a finite group G can be seen as
the fixed points of the action of G on the set FL(G) by conjugation:

(g, µ) 7−→ g ◦ µ, (g ◦ µ)(x) = µ(g−1xg), for all x ∈ G.

Give a detailed description of the above action of G on FL(G) and adjust
the Burnside’s lemma to obtain explicit formulas for the number of distinct
fuzzy (normal) subgroups of some classes of finite groups.

Problem 9. A well-known technique in group theory is to restrict an action
of a group G on a set X to an action of a subgroup H of G on X. Apply this
technique to the action ρ of Aut(G) on FL(G), by considering the action
ρ′ of Inn(G) on FL(G). Describe the equivalence relation associated to this
new action and classify the fuzzy subgroups of G with respect to it.

Problem 10. Given a group G, it is obvious that the equivalence relation
≈ in Section 2.4.2 can naturally be extended to the set F(G) of all fuzzy
subsets of G. We remark that a similar construction can be made without the
assumption that G is a group. So, if G is a non-empty set and µ, η ∈ F(G),
we can define

µ ≈′ η if and only if there is f ∈ S(G) such that η = µ ◦ f,

where S(G) denotes the symmetric group associated to G. Study the above
equivalence relation ≈′. In the particular case when G is finite, use the
Burnside’s lemma to count the distinct equivalence classes with respect to
≈′.

Finally, we present other further research directions:

• Actions of groups on lattices (see [90]).

• Graphs associated with finite groups (see e.g. [22])

• Characterizing finite simple groups by their spectrum (see e.g. [80]).
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[46] K. Iwasawa, Über die endlichen Gruppen und die Verbände ihrer Un-
tergruppen, J. Univ. Tokyo 4-3 (1942), 171-199.

[47] K. Iwasawa, On the structure of infinite M-groups, Jap. J. Math. 18
(1943), 709-728.

[48] G. Kaplan and D. Levy, Solitary subgroups, Comm. Algebra 37 (2009),
1873-1883.

[49] B.L. Kerby, Rational Schur rings over abelian groups, Master’s thesis,
Brigham Young University, Provo, Utah, U.S.A., 2008.

[50] B.L. Kerby and E. Rode, Characteristic subgroups of finite abelian
groups, Comm. Algebra 39 (2011), 1315-1343.

[51] P. Lescot, Sur certains groupes finis, Rev. Math. Spéciales 8 (1987),
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[105] M. Tărnăuceanu, Finite groups determined by an inequality of the or-
ders of their normal subgroups, Sci. An. Univ. ”Al. I. Cuza” Iaşi 57
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[116] M. Tărnăuceanu, Normality degrees of finite groups, submitted.
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